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Abstract: We classify all N = 2 rigid supersymmetric backgrounds in four dimensions
with both Lorentzian and Euclidean signature that preserve eight real supercharges, up to
discrete identifications. Among the backgrounds we find specific warpings of S3 × R and
AdS3 × R, AdS2 × S2 and H2 × S2 with generic radii, and some more exotic geometries.
We provide the generic two-derivative rigid vector and hypermultiplet actions and analyze
the conditions imposed on the special Ka¨hler and hyperka¨hler target spaces.
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1 Introduction
In the last few years, there has been a great deal of interest in supersymmetric field theories
on rigid curved backgrounds, beginning with the seminal work of Pestun [1]. These efforts
have exploited the principle of supersymmetric localization to evaluate path integrals and
compute certain supersymmetric observables in various rigid backgrounds.
A systematic approach to addressing such curved spaces at the component level was
initiated by Festuccia and Seiberg [2]. Taking the point of view that a rigid supersymmetric
theory could be understood as a supergravity theory with the metric and other bosonic
components frozen to some background values, they investigated the conditions required in
both 4D N = 1 old minimal and new minimal supergravities so that four linear independent
rigid supersymmetries existed. Other aspects, such as the weaker requirements imposed
by fewer supercharges in both signatures, were addressed in later work [3–9]. In the case
of extended N = 2 supersymmetry in four dimensions, conditions required for a single
supercharge were analyzed by Gupta and Murthy [10] and by Klare and Zaffaroni [11]. The
analysis of [11] determined the main geometric criterion in either Euclidean or Lorentzian
signature: the spacetime must admit a conformal Killing vector. In the presence of such a
vector, one supercharge may be kept by turning on background values for the R-symmetry
gauge fields.
Our goal in this paper is to perform a complementary analysis to that of [10, 11]. First,
we derive the conditions imposed by requiring full N = 2 supersymmetry – eight linearly
independent Killing spinors – in both Lorentzian and Euclidean signatures and classify
the possible smooth backgrounds up to discrete identifications. Second, we construct the
general vector and hypermultiplet actions on such spaces and find the conditions on the
allowed target spaces.
Our analysis, some of which appeared in a different context in [12], leads to several
interesting possibilities. In addition to the geometries allowed in the N = 1 case [2] –
AdS4, R × S3, AdS3 × R, and an Hpp-wave arising as a Penrose limit of the last two
cases – we also find several backgrounds that support N = 2 SUSY with no admissible
truncation to N = 1. The options in Lorentzian signature are summarized in Table 1
of Section 3. In brief, they involve the cases familiar from N = 1 – with the S3, AdS3
and Hpp-wave admitting two alternative N = 2 supersymmetry algebras with differing
R-symmetry groups – and several cases requiring extended supersymmetry:
• a squashed R× S3,
• a timelike stretched, spacelike squashed, or null warped AdS3 × R,
• a warped S3 ×R where the S1 fiber of S3 is either timelike or null,
• AdS2×S2 with generic radii, with two different SUSY realizations for each choice of
radii,
as well as an Heis3 × R space and Hpp-wave variants where the background fields become
null. (Some of these correspond to Penrose limits of other cases.) Each of the resulting
– 2 –
supersymmetry algebras can be identified as a massive deformation of the super-Poincare´
algebra, and indeed each possesses a supercoset structure permitting the straightforward
construction of each of the Killing spinors, which we compute explicitly.1
The options in Euclidean signature are summarized in Table 2 of Section 6. In addition
to S4, H4, a two-sheeted H3 × R, and S3 × R, we find several geometries where extended
supersymmetry plays a major role:
• a squashed or stretched S3 × R,
• a Heis3 × R group manifold,
• a warped H3 × R, where the hyperboloid corresponds to AdS3 spacetime with a
Euclidean metric
• H2 × S2 with generic radii and two different SUSY realizations.
Aside from these, we find the possibility of flat Euclidean spaces where the left-handed (or
right-handed) supercharges are deformed. These include as particular cases the full BPS
limits of the Euclidean Ω-background (corresponding to ǫ1 = ±ǫ2).
Because the spacetimes we discuss retain eight rigid supercharges, it is possible to
construct rigid N = 2 superspaces for each. In fact, this will be the principle guiding their
classification. We follow the approach laid down by Kuzenko et al. in [15–17], which applies
the analysis of general (conformal) isometries of curved superspaces [18] to geometries
where full supersymmetry is maintained. The presence of a rigid superspace enables the
explicit construction of the component Lagrangians for vector and hypermultiplets just as
in a Minkowski background. We present these actions in their general form, applicable to
any of the rigid N = 2 backgrounds, and find the constraints on the special Ka¨hler and
hyperka¨hler target spaces imposed by rigid supersymmetry. We also give the constraints
on the supersymmetric moduli spaces in these backgrounds and comment on how they
differ from the flat case.
The paper is laid out as follows. In Section 2, we motivate and discuss the general rigid
Lorentzian N = 2 supersymmetry algebra. The rigid backgrounds allowed by this algebra
are analyzed in Section 3, while the corresponding vector multiplet and hypermultiplet
actions are given in Section 4. In particular, we give the N = 2∗ action in a general rigid
Lorentzian background. In Sections 5 and 6 we give the Euclidean supersymmetry algebra
and the possible rigid backgrounds. The corresponding Euclidean actions are discussed in
Section 7.
There are four technical appendices. Our conventions are discussed in Appendix A.
The general action principles in rigid superspace are summarized in Appendix B. Explicit
expressions for the geometric data of the rigid backgrounds including Killing spinors, viel-
beins, and background fields are provided in Appendices C and D.
1It is should be emphasized that the relation between extended supersymmetry and at least some of
these spaces is already known. For example, the N = 2 supersymmetry algebra on one of the unsquashed
R×S3 cases was discussed in [13]. More well-known is the case of AdS2×S
2, related to the one-parameter
superalgebra D(2, 1;α) [14]; this latter case includes for α = −1 the Bertotti-Robinson spacetime relevant
for the near horizon geometry of BPS black holes.
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2 The general rigid Lorentzian supersymmetry algebra
We begin this section by describing the construction of the general rigid Lorentzian super-
symmetry algebra, which arises by freezing one of the N = 2 supergravities. As discussed
in the introduction, any off-shell supergravity corresponds to conformal supergravity cou-
pled to some compensating multiplet whose lowest component plays the role of the Planck
mass.
It helps to review theN = 1 case. As is well-known, in N = 1 supergravity the simplest
compensators are a chiral multiplet or a linear multiplet, leading respectively to old and
new minimal Poincare´ supergravity both with 12 + 12 degrees of freedom. Other options
include a complex linear multiplet (giving 20+20), an unconstrained real superfield (giving
16 + 16), or an unconstrained complex superfield (giving 24 + 24). Each option eliminates
the dilatation and S-supersymmetry and several also eliminate the R-symmetry.2
The N = 1 conformal Killing spinor equation is given as
(δQ + δS)ψmα = 2Dmξα + 2i(σmη¯)α = 0 . (2.1)
ξα and ηα are respectively the local Q and S-supersymmetry parameters, Dm carries the
R-symmetry, dilatation, and spin connections, and any solution ξ of this equation is called
a conformal Killing spinor. Let Ω be a nowhere vanishing conformal compensator of Weyl
weight two, so that the physical Weyl-invariant metric is Ω gmn. The lowest fermion ψα
of Ω plays the role of an S-supersymmetry compensator. The S-invariant gravitino is
ψmα +
i
2 (σmψ¯)α. Taking the S-supersymmetry gauge where ψα = 0, the Weyl gauge
Ω = 1, and the K-gauge where the dilatation connection vanishes, then one finds
(δQ + δS)ψα = 4ξαR¯− 2Gb(σbξ¯)α − 4ηα (2.2)
where R¯ and Ga correspond to auxiliary components of Ω at the θ
2 level, normalized to
match the conventions of [19]. By solving for η, one finds the Killing spinor equation of
U(1) supergravity,
Dmξα = −i(σmξ¯)αR− i
2
Gb(σmσ¯bξ)α . (2.3)
Old minimal supergravity arises from choosing Ω = ΦΦ¯ for a chiral compensator Φ: then
the U(1)R connection is fixed to Ga after imposing the Weyl-U(1) gauge Φ = 1. Conversely,
if we choose Ω = L for a linear multiplet compensator, R vanishes and Ga is related to
the dual field strength of the two-form potential within L. This is new minimal supergrav-
ity. However, it is possible to work purely with U(1) supergravity, which simultaneously
encompasses both minimal possibilities while allowing more general supergeometries.
A corresponding story holds for N = 2 supergravity. The conformal Killing spinor
equation is3
(δQ + δS)ψmαi = 2Dmξαi − iW−mn(σnξ¯i)α + 2i(σmη¯i)α = 0 . (2.4)
2In matter-coupled N = 1 supergravities, the most natural description involves a composite compensat-
ing multiplet corresponding to the Ka¨hler cone from which the Hodge-Ka¨hler manifold descends.
3We have relabelled the auxiliary field T±ab as 4W
±
ab.
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Introducing a generic real compensator Ω of dimension two and performing the analogous
conformal gauge-fixings results in4
Dmξαi = i
2
S¯ij(σmξ¯
j)α − i
2
(Y +mn −W−mn)(σnξ¯i)α − 2iGn(σnmξi)α +Gnji(σnσ¯mξj)α . (2.5)
We have introduced S¯ij, Ga, Ga
i
j , and Y
+
ab corresponding to θ
2 components of the real
compensator Ω.
The unconstrained superfield Ω corresponds to a “maximal” supergravity with 152 +
152 degrees of freedom: we refer to this option as U(2) supergravity because it retains the
full R-symmetry structure group. The obvious “minimal” choices are a vector multiplet or
a tensor multiplet, both leading to a 32+32 supergravity multiplet. The lowest component
X of a vector multiplet carries U(1)R charge, breaking the R-symmetry U(2)R to SU(2)R.
Its graviphoton field strength Fab and pseudoreal auxiliary field Y
ij generate Y ±ab and
Sij = S¯ij , while the auxiliary Ga
i
j vanishes and Ga is related (as with the N = 1 chiral
multiplet) to the Higgsed U(1)R connection. The tensor multiplet is a bit more interesting.
Its lowest component Lij fixes dilatations and breaks SU(2)R to SO(2)R. Its three-form
field strength Habc and complex auxiliary scalar F contribute respectively to Ga
ij and Sij
via Ga
ij ∼ ǫabcdHbcd Lij and Sij ∼ F Lij , while Y ±ab and Ga vanish. However, it will be
more convenient for us to remain with the generic U(2) supergravity.
Now if we assume that the Killing spinors ξαi and ξ¯
α˙i are linearly independent at
each point in spacetime, we can in principle derive integrability conditions that impose
constraints on the background fields of the supergravity multiplet consistent with the ex-
istence of eight supercharges. In addition, there are also covariant fermions which must be
invariant under supersymmetry, leading to constraints on the other auxiliary fields. Such
a procedure was actually followed in [12].
Following [15], we will analyze the problem directly in curved superspace. The su-
pergeometry corresponding to an unconstrained real compensator is the U(2) superspace
of [20] (we follow similar conventions as [21] and [22]). It involves a supermanifold M4|8
with local coordinates zM = (xm, θµı, θ¯µ˙
ı) consisting of four bosonic and eight Grassmann
coordinates. It is equipped with a non-degenerate supervielbein EM
A and local Lorentz,
SU(2)R and U(1)R connections ΩM
ab, VMij and AM , respectively. The covariant derivative
DA = (Dαi, D¯α˙i,Da) is defined as
DA = EAM
(
∂M − 1
2
ΩM
abMab − VMijIji −AMA
)
. (2.6)
The symbols Mab, I
i
j and A denote respectively the Lorentz, SU(2)R, and U(1)R genera-
tors, whose action is given by
[Mab,Dc] = 2ηc[aDb] , [Mab,Dαi] = −(σab)αβDβi ,
[Iij ,Dαk] = δkjDαi −
1
2
δijDαk , [A,Dαi] = −iDαi . (2.7)
4To simplify the resulting supergravity algebra, we have redefined the U(1)R and SU(2)R connections
as Am → Am +Gm and Vm
i
j → Vm
i
j + 2Gm
i
j .
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We denote by w the R-charge of fields and operators, e.g. w(Dαi) = −1. The graded
algebra of covariant derivatives involves torsion and curvature tensors,
[DA,DB} = −TABCDC − 1
2
RAB
cdMcd −R(V)ABijIji −R(A)AB A . (2.8)
For the case of U(2) supergravity, these tensors are given by the superfields Sij, Ga, Ga
i
j ,
Y −ab , and W
−
ab and their covariant derivatives.
Recall that the algebra of spinor derivatives Dαi and D¯α˙i encodes the structure of U(2)
supergravity. Any component bosonic or fermionic field φ is the lowest component of some
superfield Φ, denoted φ = Φ|. The action of supersymmetry on φ derives from a covariant
Lie derivative of Φ,
δQφ ≡ δΦ| = ξαi(DαiΦ)|+ ξ¯α˙i(D¯α˙iΦ)| (2.9)
with ξαi and ξ¯
α˙
i the local supergravity parameters. The local supersymmetry algebra is
equivalent to the spinor derivative algebra of (2.8), which is explicitly given by
{Dαi,Dβj} = 4SijMαβ + ǫijǫαβ (Y cd− −W cd+)Mcd + 2ǫijǫαβ SklI lk − 4YαβIij ,
{D¯α˙i, D¯β˙ j} = 4S¯ijM¯ α˙β˙ − ǫijǫα˙β˙ (Y cd+ −W cd−)Mcd − 2ǫijǫα˙β˙ S¯klI lk − 4Y¯ α˙β˙Iij , (2.10)
{Dαi, D¯β˙j} = −2i δijDαβ˙ + 2(σcdσb + σbσ¯cd)αβ˙(δijGb + iGbij)Mcd − 8Gαβ˙Iij + 2Gαβ˙ijA .
We remind the reader that our spinor conventions are summarized in Appendix A. From
the algebra, one may read off the R-charges
w(Sij) = w(Yαβ) = w(W¯α˙β˙) = −2 , w(Ga) = w(Gaij) = 0 . (2.11)
The reality properties of the superfields and spinor derivatives are
(W−ab)
∗ =W+ab , (Y
−
ab )
∗ = Y +ab , (S
ij)∗ = S¯ij , (Ga)∗ = Ga ,
(Ga
i
j)
∗ = −Gaji , (Dαi)∗ = D¯α˙i . (2.12)
We are interested in fermionic isometries of a fixed background manifold, that is,
local covariant diffeomorphisms that leave its supervielbein, connections and the associated
torsion and curvatures invariant. If we restrict to a bosonic background (i.e. all background
fermions set to zero), to any such fermionic isometry is associated a Killing spinor satisfying
(2.5). In a fully supersymmetric background, however, we do not need to solve this equation
explicitly. Following [16], we observe that if eight linearly independent Killing spinors ξ
exist, then requiring δQφ to vanish for any background field φ implies the background
superfield Φ must be annihilated by the spinor derivatives. In particular, we have
DαiW−ab = DαiY −ab = · · · = 0 . (2.13)
The integrability conditions
{Dαi,Dβj}W−ab = {Dαi,Dβj}Y −ab = · · · = 0 , (2.14)
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together with closure of the algebra of covariant derivatives imply integrability of the
Killing spinor equation and invariance under δQ of the background fermionic fields. It is
thus sufficient to classify the solutions to these conditions.
Several of the equations (2.14) imply that products of various pairs of fields must
vanish:
Ga
ijY ±bc = Ga
ijW±bc = Ga
ijSkl = Ga
ijS¯kl = Ga
ijGb = 0 ,
SijGa = S¯ijGa = 0 , S
ijY ±ab = S¯ijY
±
ab = 0 , S
ijW−ab = S¯ijW
+
ab = 0 . (2.15)
In Lorentzian signature, the last condition is strengthened to SijW±ab = S¯ijW
±
ab = 0. From
these relations we may identify four broad cases:
(I) Sij 6= 0, all other fields vanishing;
(II) Ga
i
j 6= 0, all other fields vanishing;
(III) Ga 6= 0, perhaps with Y ±ab and/or W±ab nonzero;
(IV) Y ±ab and/or W
±
ab nonzero, but all other fields vanishing.
Additional integrability conditions depend on which case we are in. For (I), these amount
to Sij ∝ S¯ij and DaSij = 0. For (II), we find G[aijGb]kl = 0 and DaGbij = 0, implying
that Ga
ij can be decomposed as a product of a covariantly constant vector and an SU(2)
tensor. For (III) and (IV), the additional conditions are
GbW±ba = G
bY ∓ba , Y
±
ab ∝W±ab , Y ab−W−ab = Y ab+W+ab ,
DaGb = 0 , (Da + ǫabcdGbMcd)W±ef = 0 , (Da + ǫabcdGbMcd)Y ±ef = 0 . (2.16)
The last equations above imply that W±ab and Y
±
ab are covariantly constant with respect to
a torsionful spin connection, ω˜mab = ωmab − ǫmabcGc.
We can now construct the entire algebra of covariant derivatives for the general N = 2
rigid superspace, treating all cases simultaneously. It is convenient to combine Y −ab and
W+ab into a single complex two-form Zab with R-charge w = −2,
Zab := Y −ab −W+ab , Z¯ab := Y +ab −W−ab . (2.17)
The full superspace algebra can then be compactly written as
{Dαi,Dβj} = 4SijMαβ + ǫijǫαβ ZcdMcd + 2ǫijǫαβ SklI lk − 4ZαβIij ,
{D¯α˙i, D¯β˙ j} = 4S¯ijM¯ α˙β˙ − ǫijǫα˙β˙ Z¯cdMcd − 2ǫijǫα˙β˙S¯klI lk − 4Z¯ α˙β˙Iij ,
{Dαi, D¯β˙j} = −2i δij(σa)αβ˙Da − 2i(σa)αβ˙ǫabcd(δijGb + iGbij)Mcd − 8Gαβ˙Iij + 2Gαβ˙ijA ,
[Da,Dβj ] = i
2
(σa)βγ˙S
jkD¯γ˙k − i
2
Zab(σb)βγ˙D¯γ˙j − 2iGb(σba)βγDγj −Gbjk(σaσ¯b)βγDγk ,
[Da, D¯β˙ j ] = i
2
(σ¯a)
β˙γS¯jkDγk + i
2
Z¯ab(σ¯b)β˙γDγj + 2iGb(σ¯ba)β˙ γ˙D¯γ˙ j +Gbkj(σ¯aσb)β˙ γ˙D¯γ˙k ,
[Da,Db] = −1
2
Rab
cdMcd . (2.18)
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The Riemann tensor is explicitly determined to be
Rab
cd = −1
2
(ZabZ¯cd + Z¯abZcd) + 8G2δa[cδbd] − 16G[aG[cδb]d]
+ 4GfijG
ij
f δa
[cδb
d] − 8Gij[aG
[c
ijδb]
d] + Sij S¯ijδa
[cδb
d] . (2.19)
One can show that the spacetime is conformally flat when either Y −ab ≡ Z−ab or W−ab ≡ −Z¯−ab
vanishes, and superconformally flat when W−ab = 0.
In terms of Zab, the integrability conditions read
GaZab = 0 , ǫabcdZabZ¯cd = 0 , Z±ab ∝ Z¯±ab , (Da + ǫabcdGbMcd)Zef = 0 . (2.20)
It follows that Zab is a closed complex two-form, so it possesses a complex locally-defined
one-form potential
Z(2) = dC(1) . (2.21)
However, the dual of Zab is not closed unless Ga = 0. In contrast, the dual three-forms of
Ga and Ga
i
j are always closed. We denote these by Habc = ǫabcdG
d and Habc
i
j = ǫabcdG
di
j
and introduce their two-form potentials
H(3) = dB(2) , H(3)
i
j = dB(2)
i
j . (2.22)
These potentials will play a role in the vector and hypermultiplet actions.
3 Lorentzian backgrounds
3.1 General comments
Let us make a few modifications to the supersymmetry algebra (2.18). If one introduces a
redefined vector derivative
D˜a := Da + ǫabcdGbMcd , (3.1)
corresponding to a spin connection with G-dependent torsion, then the algebra of covariant
derivatives becomes
{Dαi,Dβj} = 4SijMαβ + ǫijǫαβ ZcdMcd + 2ǫijǫαβ SklI lk − 4ZαβIij ,
{D¯α˙i, D¯β˙ j} = 4S¯ijM¯ α˙β˙ − ǫijǫα˙β˙ Z¯cdMcd − 2ǫijǫα˙β˙S¯klI lk − 4Z¯ α˙β˙Iij ,
{Dαi, D¯β˙j} = −2i δij(σa)αβ˙D˜a + 2(σa)αβ˙ǫabcdGbijMcd − 8Gαβ˙Iij + 2Gαβ˙ijA ,
[D˜a,Dβj ] = i
2
(σa)βγ˙S
jkD¯γ˙k − i
2
Zab(σb)βγ˙D¯γ˙j − 4iGb(σba)βγDγj −Gbjk(σaσ¯b)βγDγk ,
[D˜a, D¯β˙ j ] = i
2
(σ¯a)
β˙γS¯jkDγk + i
2
Z¯ab(σ¯b)β˙γDγj + 4iGb(σ¯ba)β˙ γ˙D¯γ˙ j +Gbkj(σ¯aσb)β˙ γ˙D¯γ˙k ,
[D˜a, D˜b] = −T˜abcD˜c − 1
2
R˜ab
cdMcd , (3.2)
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where the torsion and Lorentz curvature tensors are given by
T˜ab
c = −4 ǫabcdGd ,
R˜ab
cd = −1
2
(ZabZ¯cd + Z¯abZcd) + 4GfijGijf δa[cδbd] − 8Gij[aG
[c
ijδb]
d] + Sij S¯ijδa
[cδb
d] . (3.3)
The utility of this redefinition lies in the fact that the background superfields are now
each covariantly constant with respect to D˜a, Dαi and D¯α˙i. This eliminates any algebraic
obstruction to taking the background superfields (with tangent space indices) to be actually
constant.5 Let us summarize the gauge choices for each case.
• We choose Sij = S¯ij = µ vij with µ real and vij pseudoreal, (vij)∗ = vij , and
normalized, vijvjk = δ
i
k. Because the superalgebra possesses only Lorentz and
SO(2) ⊂ SU(2) R-symmetry, there is no local obstruction to eliminating the U(1)R
connection and aligning the SU(2)R connection along v
ij , consistent with DASij = 0.
• We take Gaij = ga vij, with vij pseudoreal. The real constant ga may be timelike,
spacelike, or null and partially breaks Lorentz symmetry. The SU(2)R connection is
again aligned along vij .
• We choose Ga constant and timelike, spacelike, or null. The U(1)R connection is
pure gauge and can be taken to vanish. A non-zero Z can be turned on in several
configurations and thanks to the constraint GaZab = 0 we can adopt a gauge where
it is purely constant. The residual global U(1)R is broken by Z.
• If only Z is non-vanishing, the same discussion as above holds, but Z is less con-
strained.
In each of these backgrounds, the algebra of covariant derivatives implies that at least some
of the R-symmetry curvature tensors R(V )AB
i
j and R(A)AB are non-vanishing, and so the
superspace connections VMij and AM cannot all vanish. However, the vanishing of the
component curvatures R(V )ab
i
j and R(A)ab implies that the component connections Vmij
and Am are always (at least locally) pure gauge. We will make use of this property in our
constructions below by always choosing a gauge where the component SU(2)R connection
vanishes. However, in a few of the cases, the U(1)R connection will possess a non-trivial
holonomy.
We summarize in Table 1 the resulting consistent Lorentzian backgrounds.
3.2 The supercoset construction
The full BPS geometries are at least locally isomorphic to supercoset spaces, generated
by an algebra of bosonic and fermionic isometries that is isomorphic to the algebra of
covariant derivatives. The cosets are obtained by quotienting out the Lorentz and R-
symmetries remaining after gauge fixing the background fields to constant values. If we
5For example, G2 is constant so by a suitable Lorentz transformation, Ga can be taken constant when
it is timelike, spacelike, or null but never vanishing. The case where Ga is null and vanishes somewhere is
precluded because DbGa = 0 implies the spacetime is not smooth.
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Background fields Geometry
Sij 6= 0 AdS4
Ga
i
j timelike R× S3
Ga
i
j null plane wave
Ga
i
j spacelike AdS3 × R
Ga timelike R× S3
Zab elliptic R× S3 squashed
Ga null plane wave
Zab elliptic ‘lightlike’ S3 × R
Zab parabolic plane wave
Ga spacelike AdS3 × R
Zab elliptic,
0 < |Z|2 < 32G2 timelike stretched AdS3 × R
|Z|2 = 32G2 Heis3 × R
|Z|2 > 32G2 warped ‘Lorentzian’ S3 × R
Zab parabolic null warped AdS3 × R
Zab hyperbolic spacelike squashed AdS3 ×R
Zab 6= 0 but Ga = 0
Zab elliptic R1,1 × S2
Zab hyperbolic AdS2 × R2
Zab ∼ elliptic + hyperbolic AdS2 × S2
Zab parabolic plane wave
Table 1. Consistent Lorentzian backgrounds. As Zab can be decomposed as a complex linear
combination of Lorentz generators, we distinguish its values in terms of orbits of the latter.
take these supercoset spaces as global solutions, existence of eight Killing spinors is au-
tomatically guaranteed by transitivity of the supergroup action on the background, and
explicit expressions are straightforward to derive. Of course, solutions that are only locally
isomorphic to supercoset spaces may be available, too, for instance in terms of orbifolds of
homogeneous spaces.
Let us briefly review how the supercoset space construction works in practice and how
it can be used to obtain explicit expressions for the metric and Killing spinors in particular
(See for instance [23, 24]). We can consider the reciprocal superalgebra of formal generators
Pa, Qα
i, Q¯α˙i satisfying the same commutation relations as D˜a, Dαi, D¯α˙i. A full supergroup
is generated by Pa, Qα
i, and Q¯α˙i together with any residual Lorentz and R-symmetries.
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Quotienting by these, we obtain a supercoset space. Representatives L can be defined by
translation and supersymmetry generators:
L = exp
(
xaPa + θ
α
iQα
i + θ¯α˙
iQ¯α˙i
)
, (3.4)
although in practice we will make different coordinate and local gauge choices on a case by
case basis. Under a supergroup transformation g, the coset representatives transform as
gL(x, θ, θ¯) = L(x′, θ′, θ¯′)h(x, θ, θ¯, g), (3.5)
with h(x, θ, θ¯, g) a local Lorentz and R-symmetry transformation. In particular, Pa, Qα
i,
and Q¯α˙i generate part of the (left) isometry group. Since we have assumed absence of
fermionic background fields, we can always restrict to the bosonic submanifold θ = θ¯ = 0,
which is itself a coset space with a natural choice of representatives L(x) ≡ L|.
The Cartan–Maurer form L−1dL can then be expanded in the superalgebra generators.
The coefficients of the translation and supersymmetry generators will be chosen as the
(super)vielbein, and the remaining terms give rise to spin and R-symmetry connections.
Constructing covariant derivatives from these objects then reproduces (3.2).
The advantage of this procedure is that we are allowed to compute the Cartan–Maurer
form in any convenient (faithful) representation of the superalgebra, which means we can
calculate explicit expressions for any relevant object with ease. In particular, Killing spinors
for a supercoset space are computed similarly to Killing vectors. One constructs a super-
symmetric isometry δQ in terms of eight constant spinors ǫαi and ǫ¯
α˙i via
δQ = L
−1(ǫiQi + ǫ¯iQ¯i)L = ξiQi + ξ¯iQ¯i + ξaPa +
1
2
λabMab + λ
i
jI
j
i + λA . (3.6)
The local parameters ξA = (ξαi, ξ¯α˙
i, ξa), λab, λij , λ depend on x, θ, and any background
fields and are parametrized linearly in terms of ǫαi and ǫ¯
α˙i. The operation δQ acts on super-
fields as a combination of covariant superdiffeomorphisms and local gauge transformations,
δQ = ξ
ADA + 1
2
λabMab + λ
i
jI
j
i + λA . (3.7)
The condition that δQ generates a superisometry is equivalent to [δQ,DA] = 0; this leads
to the Killing supervector condition (see [18] for a general discussion). As a consequence
of the supercoset structure, this is satisfied automatically.
In practice, however, one only cares about how supersymmetry manifests on the
bosonic manifold. Because of the absence of background fermions in the algebra, at θ = 0
we have ξa = λij = λ
ab = λ = 0 and
δQ = L
−1(ǫiQi + ǫ¯iQ¯i)L = ξiQi + ξ¯iQ¯i . (3.8)
The functions ξαi(x) and ξ¯
α˙i(x) are the Killing spinors. Because (four-component) super-
charges transform in some representation R[ · ] of the bosonic isometries,
ξ(x) = ǫR[L(x)], (3.9)
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where ξ and ǫ are given by their appropriate (four-component) Majorana conjugates. The
representation R[L] can be deduced from the vector-spinor commutators of (3.2). Notice
that in general it also includes a non-trivial action on R-symmetry indices.
In the next sections we provide an exhaustive classification of the supercoset spaces that
give consistent global N = 2 supersymmetric rigid backgrounds in Lorentzian signature.
3.3 AdS4 spacetime
When Sij ≡ µ vij is the only non-vanishing background field, we recover the N = 2 AdS4
superspace AdS4|8 = OSp(2|4)/SO(3, 1) × SO(2). The bosonic body of the superalgebra
is SO(3, 2) × SO(2), corresponding to the product of the AdS4 algebra and the residual
R-symmetry SO(2) ⊂ SU(2) generated by Sij. The properties of this superalgebra and
its Killing spinors were discussed long ago in [25] (see [26] and references therein for a
superspace discussion), so we will not dwell on it here, except to remind that it possesses
an N = 1 subalgebra, which is evident upon performing a global SU(2)R transformation
to adopt the gauge vij = −δij .
3.4 Round and squashed spatial three-spheres (R× S3)
As a first non-trivial case we consider backgrounds locally isomorphic to R× S3, where R
corresponds to the direction of a timelike Killing vector and the metric on the S3 is static.
We will show that full N = 2 supersymmetry is compatible with a specific squashing of
the S3. This case shall serve as a pedagogical example.
3.4.1 The round R× S3 and SU(2|2) supersymmetry
For the moment we assume that the S3 possesses its round metric so that its full SU(2)×
SU(2) isometry group is intact. This space admits two possible realizations of N = 2
supersymmetry, corresponding to extending the isometry group SU(2) × SU(2) either to
SU(2|2) × SU(2) or to SU(2|1) × SU(2|1).
The first realization of N = 2 supersymmetry on the round S3 involves the superalge-
bra SU(2|2). This corresponds to turning on a timelike Ga only. We can adopt the Lorentz
gauge Ga = (−g, 0, 0, 0) for constant g, then the bosonic part of the superalgebra contains
the generators Pa = (P0, PI) with I = 1, 2, 3 and commutation relations
[P0, PI ] = 0 , [PI , PJ ] = 4g εIJKPK . (3.10)
In addition, there are residual Lorentz generators MIJ acting as
[MIJ , PK ] = δIKPJ − δJKPI . (3.11)
Finally, there are the SU(2)R generators Iij. It will be convenient to introduce the (dimen-
sionless) SU(2) generators
TI ≡ 1
4g
PI , [TI , TJ ] = εIJKTK . (3.12)
It is apparent that the spacetime is diffeomorphic to R × SU(2), the R direction being
generated by P0 and the S
3 by TI .
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We can construct all relevant objects on this background exploiting its group manifold
structure. Introducing a generic element L of R× SU(2), the Maurer–Cartan form reads
Ω = L−1dL = dt P0 + eIPI = dt P0 +EITI . (3.13)
The EI are a dimensionless left-invariant vielbein related to the physical vielbein eI =
1
4g E
I . They obey the structure equations dEI = −12εIJKEJ ∧ EK . Choosing the ex-
plicit parametrization L = etP0eφT3eθT2eωT3 leads to the canonical choice of Euler angle
coordinates on the S3,
E1 = − sin θ cosω dφ+ sinω dθ, E2 = sin θ sinω dφ+ cosω dθ , E3 = dω + cos θ dφ,
(3.14)
with a round metric
ds2 = −dt2 + 1
16g2
[
(dω + cos θ dφ)2 + dθ2 + sin2 θ dφ2
]
. (3.15)
We choose standard ranges so that θ ∈ [0, π], φ ∈ [0, 2π) and ω ∈ [0, 4π) with ω periodic
with period 4π so that the element L covers all of R×SU(2) exactly once. It will be useful
to decompose L in terms of embedding coordinates for S3 of unit radius. Defining
X = cos θ2 cos
ω+φ
2 , Y = sin
θ
2 cos
ω−φ
2 , V = sin
θ
2 sin
ω−φ
2 , W = cos
θ
2 sin
ω+φ
2 , (3.16)
we can write L = etP0 [X +2(V T1+ Y T2 +WT3)] in any spinorial representation of SU(2),
where the generators are constructed from a Clifford algebra and obey TITJ = −14δIJ +
1
2ǫIJKTK .
The group manifold construction extends to a full supercoset construction. From (3.2)
and (3.12) we identify the superalgebra to be a central extension of SU(2|2), on which the
residual Lorentz group acts as external automorphisms and the central charge is P0. We
stress that this central charge is not an internal symmetry, but rather the timelike isometry
of this spacetime. Quotienting out the R-symmetry SU(2) we arrive at the supermanifold6
SU(2|2)(P0)
SU(2)R
. (3.17)
We can now construct the Killing spinors. The bosonic part of the supercoset (3.17) has
numerator R×SU(2)×SU(2)R. The generators Qαi transform in the (2, 2¯)0 representation;
this is evident by noting [TI , Qα
i] = −12ǫIJK(σJK)αβQβi and similarly for Q¯β˙ j . Hence we
find the appropriate representation to construct the Killing spinors:
R[TI ] =
1
2
ǫIJK(σJK)α
βδij R[P0] = 0 . (3.18)
They can be written directly in embedding coordinates (3.16), and they are given by
ξα i = [X − 2(Wσ12 + V σ23 + Y σ31)]αβǫβ i
ξ¯α˙i = [X − 2(Wσ¯12 + V σ¯23 + Y σ¯31)]α˙β˙ ǫ¯β˙ i . (3.19)
6In principle, we could also include the SU(2) Lorentz symmetries in the numerator, but they would be
factored out in the denominator.
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These are just the well-known Killing spinors on S3 (see for instance [27] for a general
construction of Killing spinors on spheres). The R-symmetry index is untouched by the
Killing spinor equation in this case. Equivalently, the superalgebra possesses an obvious
N = 1 subalgebra. Notice that the R-symmetry connections are vanishing, and all Killing
spinors are time-independent.7 By a local Lorentz transformation we can actually take
the Killing spinors to be entirely constant. This corresponds to generating the supercoset
using the right isometries of S3.
3.4.2 The squashed S3
The background we have just discussed has full superisometry group SU(2|2)(P0) × SU(2).
The latter factor is generated by linear combinations of PI and MIJ and corresponds to
the right isometries of S3. Since they do not affect the supercharges, we may ask if it is
possible to deform the S3 geometry in a way that breaks only its right isometries, obtaining
a squashed R× S3 with full N = 2 supersymmetry.
If we try to break all the right isometries, the requirement of a smooth limit to a flat
space supersymmetry algebra uniquely fixes the normalizations of the PI generators to
match those of the previous section. We hence end up back to the round S3 geometry.
The only possibility is therefore to break the right SU(2) to U(1). In fact, such a
background is realized by turning on Z along the S3. The resulting supercoset space is
generated by SU(2|2) with the addition of a second central charge. The PI generators
turn out to be a linear combination of the left S3 isometries and this central charge,
which results in a change in the normalizations of the physical vielbein that gives rise to
a squashed S3. Explicitly, we have Ga = (−g, 0, 0, 0) and gauge fix Zab = 4λδ12ab so that
|Z|2 ≡ ZabZ¯ab = 8λ2. The bosonic part of the supercoset space is now generated by Pa
and M12, in particular[
P1, P2
]
= 4gP3 + 4λ
2M12 ,
[
P3, P1
]
= 4gP2 ,
[
P2, P3
]
= 4gP1 . (3.20)
The time translation P0 commutes with all generators. We define υ =
(
1 + λ
2
4g2
)−1
and
introduce dimensionless generators TI satisfying the SU(2) algebra as before, [TI , TJ ] =
εIJKTK , as well as a second central charge U :
T1,2 ≡
√
υ
4g
P1,2, T3 ≡ υ
(
1
4g
P3 +
λ2
4g2
M12
)
, U ≡ 1
4g
P3 −M12, (3.21)
The bosonic background is still topologically R× S3, as we can use P0 and TI to generate
it. However, since PI do not close onto themselves it is more convenient to consider the
whole isometry group and quotient out the only residual Lorentz generator M12, leading
to the coset space
R× SU(2)×U(1)U
U(1)M
. (3.22)
7We have redefined the R-symmetry connections with respect to conformal supergravity, as described
in footnote 4. Our statement is unambiguous in the sense that a theory coupled to this background need
not have (full) U(2)R symmetry.
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The form of the quotient already suggests the nature of the squashing: regarding S3 as the
Hopf fibration of an S1 over S2 ≃ SU(2)/U(1)M , we rescale the metric along the fiber as
determined by the ratio of T3 and U in U(1)M . The Cartan–Maurer form can be expanded
as earlier, recalling that the physical vielbein is given by the coefficients of Pa so that
e0 = dt, e3 = υ
1
4g
E3, e1,2 =
√
υ
1
4g
E1,2, (3.23)
in terms of the ‘round’ vielbein EI defined by Ω = dt P0 + E
ITI . We can use the same
coset representative as in the unsquashed case. As anticipated, the metric on the S3 is
squashed due to the different normalization of the physical vielbein along the fiber S1. For
our choice of coordinates we obtain
ds2 = −dt2 + υ
16g2
[
dθ2 + sin2 θ dω2 + υ(dφ+ cos θ dω)2
]
. (3.24)
Notice that 0 < υ ≤ 1, so that we are only allowed to squash, but not stretch, along the
fiber. This constraint is a consequence of N = 2 supersymmetry in Lorentzian signature
and will be relaxed in the Euclidean case.
Computing Killing spinors using the supercoset construction proceeds as before, except
now the supergroup possesses two central charges, P0 and U ; we denote it SU(2|2)(U,P0).
The supercoset space is now
SU(2|2)(U, P0)
SU(2)R ×U(1)M . (3.25)
The supersymmetry generators mix chirality under the action of Pa, so it will be convenient
to introduce a four-component spinor and associated Killing spinors:
Qαˆ
i =
(
Qα
i
ǫijQ¯α˙j
)
, ξαˆi =
(
ξαi , −ǫij ξ¯α˙j
)
. (3.26)
Then the bosonic generators are represented as
R[Pa] = −2iGbγ5γba + 1
4
(Zab(1 + γ5)− Z¯ab(1− γ5)) γb, R[M12] = −1
2
γ12 (3.27)
and the Killing spinors are ξαˆi = ǫ
βˆ
i R[L]βˆ
αˆ. Notice that we can still write R[L] =
R[X + 2(V T1 + Y T2 +WT3)] with embedding coordinates defined in (3.16) for the round
S3. Using standard Weyl notation the Killing spinors can then be expressed as
ξα i = [XI2 − 2(Wσ12 +
√
υV σ23 +
√
υY σ31)]α
βǫβ i + i
√
υ
λ
2g
(Y σ1 − V σ2)αβ˙ ǫ¯β˙ i , (3.28)
with ξ¯α˙i given by complex conjugation. When λ is non-vanishing, there is non-trivial
mixing between the different R-symmetry components of the Killing spinors. This implies
that there is no truncation to an N = 1 subalgebra for the case of a squashed S3. The
right isometries of S3 being partially broken, we cannot make the Killing spinors constant
by a local gauge transformation. However, notice that they are still time-independent with
vanishing R-symmetry connections.
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For later use, we will need explicit expressions for the potentials of the background
fields. The Z two-form admits a globally defined potential C(1), given by
C(1) = −
1
2
λ
4g2 + λ2
(
cos θ dφ+ dω
)
= − λ
2g
e3 . (3.29)
Associated with Ga we have its dual two-form potential
B(2) =
υ2
64g2
×
{
(cos θ − 1) dω dφ θ ∈ [0, π/2] ,
(cos θ + 1) dω dφ θ ∈ [π/2, π] .
(3.30)
3.4.3 SU(2|1)× SU(2|1) supersymmetry
As anticipated, there is a second way to realize N = 2 supersymmetry on R × S3. This
is associated with a nonvanishing Ga
i
j field, breaking the SU(2)R symmetry and possibly
turning on a non-trivial axial U(1)R connection. Let us choose Ga
i
j ≡ iga(σ3)ij with
ga = (−g, 0, 0, 0). Noting that (σ3)ij = (−)i+1δij , the fermionic part of the superalgebra is
{Qαi, Qβj} = {Q¯α˙i, Q¯β˙ j} = 0, {Qαi, Q¯β˙ j} = −2i δij∆
(i)
αβ˙
(3.31)
where the eight generators ∆
(i)
a with a = 0, · · · , 3 and i = 1, 2 can be written
∆(i)a ≡ Pa + (−)ig
(
ǫ0abcM
bc + δ0aA
)
. (3.32)
We see that the rest of the superalgebra similarly decomposes,
[∆(i)a , Qα
j] = (−)i+1 δij 2i g
(
δ0aδ
β
α − 2(σ0a)αβ
)
Qβ
i,
[∆(i)a ,∆
(j)
b ] = (−)iδij4g ǫ0abc∆(i)c . (3.33)
This superalgebra is just SU(2|1)× SU(2|1) with each copy labeled by i. Up to normaliza-
tions, each supergroup is generated by bosonic elements ∆
(i)
a corresponding to SU(2)×U(1)
and odd elements Qα
i and Q¯α˙i. The temporal generator P0 and the U(1)R generator A
correspond respectively to the antidiagonal and diagonal combinations of the two U(1) fac-
tors ∆
(i)
0 . The surviving SO(3) generators of the Lorentz group correspond to the diagonal
SU(2) generated by −∆(1)I +∆(2)I .
In order to construct the spatial part of the coset space, it is sufficient to take group
elements of either SU(2) factor as coset representatives. We will choose the second SU(2),
so that
TI ≡ 1
4g
∆
(2)
I , [TI , TJ ] = εIJKTK , [∆
(2)
0 , TI ] = 0 , (3.34)
and construct the coset representatives as in the previous sections, but using ∆
(2)
0 rather
than P0 for the time direction for reasons that will be apparent soon. This introduces a
U(1)R transformation that can be trivially quotiented away at the bosonic level, but will
become relevant in the supercoset construction. We obtain the same round vielbein and
metric as in the previous sections.
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The situation with the Killing spinors is quite interesting. Let us denote them ξˆ in
this section. The odd elements of the supergroup transform in the representation
(2,1)+1/2,0 + (2¯,1)−1/2,0 + (1,2)0,+1/2 + (1, 2¯)0,−1/2 (3.35)
of U(2)(1) × U(2)(2), with the natural Majorana condition giving eight supercharges. The
same representations hold for the Killing spinors, so if we generate the coset representatives
using only U(2)(2) generators, the Weyl spinors ξˆ1 and their complex conjugates will be
entirely constant. We will shortly prove this explicitly by construction, but it helps to
motivate this first by taking a look at the Killing spinor equations,
(Da + gǫ0acdσcd + igδ0a)ξˆ1 = 0 , (Da − gǫ0acdσcd − igδ0a)ξˆ2 = 0 . (3.36)
The background field Ga
i
j couples asymmetrically to the two spinors. From the Maurer–
Cartan form we find that the U(1)R connection is given by
A = g e0 = g dt , (3.37)
therefore the U(1) connection within Da cancels the additional ig factor in the ξˆ1 equation.
Similarly, we find that our choice of vielbein has led to a spin connection within Da that
cancels the additional gǫ0acdσ
cd term.
We can now see this explicitly from the coset construction. The generators TI and
∆
(2)
0 commute with Qα
1, implying that the associated Killing spinors ξˆ are constants,
ξˆα1 = ǫα1 ,
¯ˆ
ξα˙1 = ǫα˙1 . (3.38)
However, the second set of Killing spinors are non-trivial. Noting that now the time
generator ∆
(2)
0 is non-trivially represented, we obtain Killing spinors
ξˆα 2 = e
2igtξα 2,
¯ˆ
ξα˙ 2 = e−2igtξ¯α˙ 2, (3.39)
with ξα 2, ξ¯
α˙
2 defined in (3.19). It is easy to see that the t-dependence in the second set of
Killing spinors can be shuffled into the first set via a U(1)R gauge transformation, and the
same is true for the additional Lorentz factors.
Despite the fact that we are working in Lorentzian signature, it is instructive to see
what happens if we compactify the time direction. Periodic Killing spinors are allowed
only for t ≃ t+ nπ/g for integer n. A non-trivial Wilson line for A is generated for odd n.
For even n, the gauge field could be turned off by a gauge transformation, leaving ξˆ1 and
ξˆ2 both with t-dependent factors e
−igt and e+igt, respectively. These conditions are similar
to the findings of [2, 5] in N = 1. Analogous conditions arise for the other backgrounds
generated by Gij.
The dual potential associated with Gij is simply B(2)
i
j = B(2) (iσ3)
i
j , with B(2) given
by (3.30).
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3.5 Warped AdS3 spaces (wAdS3 × R)
Most of our discussion of the three-sphere can be repeated for backgrounds locally isomor-
phic to AdS3 × R, so we defer most of the details to Appendix C and discuss mainly the
differences. These geometries are sourced by spacelike G or Gij and give rise to SU(1, 1|2)
and SU(1, 1|1)2 superalgebras respectively. In the former case, the AdS3 space can be
warped by Z. Without warping the two supercoset spaces are
SU(1, 1|2)
SU(2)R
and
SU(1, 1|1) × SU(1, 1|1)
U(1)R
. (3.40)
The former case includes a central charge isometry generating the flat R direction. In the
latter case, as with the SU(2|1)2 sphere, the spacetime can be entirely generated by the
even part of one SU(1, 1|1) factor, leaving half of the Killing spinors entirely constant. Also
in this case, if we compactify the flat direction to a circle we find similar restrictions on its
radius, and a non-trivial connection for the axial U(1)R might be required in order to have
globally defined Killing spinors. No such restriction is necessary for SU(1, 1|2) supersym-
metry, where Killing spinors can be made entirely constant by a choice of local Lorentz
gauge and for vanishing R-symmetry connections, analogously to the SU(2|2) sphere.
In each of these situations, SU(1, 1) generators TI with I = 0, 1, 2 can be defined and
we can pick as group or coset representative
L = eφT2eρT1eτT0 . (3.41)
We can regard AdS3 ≃ SU(1, 1) either as a timelike S1 fibered over an H2 or as an H1
fibered over AdS2. These two possible fibers correspond to the rightmost and leftmost
factors of L respectively. Warped AdS3 comes in different kinds depending on which fiber
we deform, which is reflected in the orientation of Z along the spacetime. The unwarped
metric reads
ds2 =
1
16g2
(−dτ2 + dφ2 + dρ2 − 2dτ dφ sinh ρ) + dz2, (3.42)
where g2 is the norm of the background vector. Two convenient orthonormal frames can
be constructed from the left- and right-invariant Cartan–Maurer forms on AdS3, defined
as Ω = L−1dL and Ω′ = L d(L−1): they read
E0 = dτ + sinh ρdφ,
E1 = cos τ dρ+ sin τ cosh ρdφ,
E2 = − sin τ dρ+ cos τ cosh ρdφ,
E′0 = − coshφ cosh ρdτ − sinhφdρ,
E′1 = − coshφdρ− sinhφ cosh ρdτ,
E′2 = −dφ+ sinh ρdτ.
(3.43)
Both sets satisfy the same structure equations 2 dEI = −ηIJεJKLEK ∧ EL with ηIJ =
diag(−1, 1, 1). Each choice privileges a different Hopf fibration of AdS3. The coordinates
we use can be related to embedding coordinates defining AdS3 as the surface X
2 − Y 2 −
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V 2 −W 2 = 1, parameterized as
X = cos τ2 cosh
ρ
2 cosh
φ
2 − sin τ2 sinh ρ2 sinh φ2 ,
Y = cos τ2 sinh
ρ
2 sinh
φ
2 + sin
τ
2 cosh
ρ
2 cosh
φ
2 ,
V = cos τ2 sinh
ρ
2 cosh
φ
2 + sin
τ
2 cosh
ρ
2 sinh
φ
2 ,
W = cos τ2 cosh
ρ
2 sinh
φ
2 − sin τ2 sinh ρ2 cosh φ2 .
(3.44)
The τ coordinate has periodicity 4π for global AdS3.
3.5.1 Timelike stretched AdS3 × R
Let us now focus on SU(1, 1|2) supersymmetry and introduce warping. This is allowed by
breaking the right SU(1, 1) isometries of AdS3 to a one-dimensional subgroup determined
by Z. The first case we consider corresponds to a timelike stretching of AdS3, obtained
by turning on Z along the H2 base of the fibration S1 →֒ AdS3 → H2. Defining G2 = g2,
|Z|2 = 8λ2, we impose λ2 < 4g2. We will later discuss the geometries obtained for larger
λ. The supercoset space is
SU(1, 1|2)(U, G·P )
U(1)M × SU(2)R (3.45)
analogously to the squashed R × S3 case, the denominator U(1)M mixes the compact
isometry of SU(1, 1) with a central charge U , generating the warping. The other central
charge G · P = GaPa corresponds to the flat R direction (we can gauge fix it to P3 for
definiteness). The resulting metric reads
ds2 =
υ
16g2
[−υ(dτ + sinh ρdφ)2 + dρ2 + cosh2 ρdφ2] + dz2, (3.46)
with warping parameter υ ≡ 1/(1− λ2
4g2
) ≥ 1. As a bosonic background, timelike ‘squashed’
AdS3 with 0 < υ < 1 would be also possible. Supersymmetry restricts us to timelike
‘stretching’ only. It is known that for any value of the stretching this space contains closed
timelike curves. In particular, υ = 2 corresponds to Go¨del spacetime [28, 29].
3.5.2 Spacelike squashed AdS3 × R
Now let us take Z along an AdS2 subspace of AdS3 and define |Z|2 = −8λ2. The right
isometries are broken to the SO(1, 1) that preserves Z and the supercoset reads
SU(1, 1|2)(U, G·P )
SO(1, 1)M × SU(2)R . (3.47)
This time the spacetime is squashed along the non-compact fiber over AdS2, with metric
ds2 =
υ
16g2
[− cosh2 ρdτ2 + dρ2 + υ(dφ+ sinh ρdτ)2] + dz2 , (3.48)
with 0 < υ ≡ 1/(1+ λ2
4g2
) ≤ 1. In this case supersymmetry only allows for squashing rather
than stretching.
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3.5.3 Lightlike warped AdS3 × R
In this final case, we take Z along a null surface determined for instance as the coset space
AdS3/N−, the denominator being an (everywhere) null isometry. We use the notation
NT for the monoparametric subgroup of a parabolic generator T . Unsurprisingly, the
supercoset space becomes
SU(1, 1|2)(U, G·P )
NM × SU(2)R , (3.49)
where both U and the residual Lorentz generator are null. In our usual set of global
coordinates the metric reads
ds2 =
1
16g2
[−dτ2 + dφ2 + dρ2 − 2 sinh ρdτdφ− λ
2
4g2
e2φ(dρ+ cosh ρdτ)2] + dz2. (3.50)
A shift in φ, which corresponds to one of the isometries of AdS3 broken by Z, can absorb
the absolute value of the squashing parameter. The sign of the warping, however, is fixed
by supersymmetry. It can be convenient to rewrite this metric in Poincare´ coordinates:
ds2 =
1
4g2
(
dr2
r2
+
dx+ dx−
r2
− λ
2
4g2
dx2+
r4
)
+ dz2 . (3.51)
3.6 AdS2 × S2 spacetimes and D(2, 1;α)
Another rich and interesting spacetime geometry is AdS2 × S2. These geometries are
sourced by a complex Z flux alone, excluding the case in which it is entirely supported
on a null hypersurface. Then Z is generally a complex linear combination of two real
forms wrapping a timelike and a spacelike hypersurface respectively. These forms source
the AdS2×S2 background, and when either vanishes the associated factor in the geometry
is flattened. The N = 2 supersymmetric extensions of AdS2 × S2 are real forms of the
D(2, 1;α) Lie superalgebras, where α is basically the ratio of the radii of AdS2 and S
2 [14].
It can be useful to see how the D(2, 1;α) superalgebra arises. Let us gauge-fix the
U(1)R and local Lorentz gauge so that
Zab = 2iλ+δ12ab − 2λ−δ03ab , λ± ∈ R. (3.52)
The Riemann tensor then reads Rab
cd = 4(λ2−δ03abδ
cd
03 − λ2+δ12abδcd12), with curvature radii
1/|λ−|, 1/|λ+| for AdS2 and S2 respectively. The isometry algebra is
[Pa, Pb] = −2λ2−δ03abM03 + 2λ2+δ12abM12, (3.53)
corresponding to SU(1, 1) × SU(2). For definiteness, an appropriate choice of coordinates
gives us the explicit metric
ds2 =
1
λ2−
(−dτ2 cosh ρ+ dρ2) + 1
λ2+
(
dθ2 + sin2 θ dφ2
)
. (3.54)
The supercharges transform in the (2,2,2) of SU(1, 1) × SU(2)× SU(2)R. This can be
made explicit by a similarity transformation on the four-component spinor Qαˆ
i of (3.26):
Qa˜ α˜
i ≡ Sa˜ α˜αˆQαˆi , S ≡

1 0 0 0
0 0 0 1
0 0 −1 0
0 1 0 0
 (3.55)
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where a˜, α˜ are fundamental indices of SU(1,1) and SU(2) respectively. The new set of
gamma matrices reads
γ˜0 = iσ1 ⊗ σ3, γ˜1 = −I2 ⊗ σ2, γ˜2 = I2 ⊗ σ1, γ˜3 = σ2 ⊗ σ3, γ˜5 = σ3 ⊗ σ3. (3.56)
After some algebra, we obtain the commutation relations
{Qa˜ α˜ i, Qb˜ β˜ j} = 2(λ+ + λ−)ǫa˜b˜ǫα˜β˜Iij − 2λ+ǫa˜b˜Tα˜β˜ǫij − 2λ−Ta˜b˜ǫα˜β˜ǫij ,
[Ta˜b˜, Qc˜ α˜ i] = ǫc˜(a˜Qb˜)α˜ i, [Tα˜β˜, Qa˜ γ˜ i] = ǫγ˜(α˜Qa˜|β˜)i , (3.57)
where the conventions for all ǫ symbols are the same as for standard spinor indices and we
have defined
Ta˜b˜ ≡
(
i
λ−
(P0 + P3) M03
M03
i
λ−
(−P0 + P3)
)
, Tα˜β˜ ≡
(
1
λ+
(P2 + iP1) iM12
iM12
1
λ+
(P2 − iP1)
)
, (3.58)
so that they all have a commutator with the supercharges analogous to Iij . The reality
conditions on the generators are
(Qa˜ α˜ i)
∗ = (σ3)a˜b˜ǫα˜ β˜Qb˜ β˜
i , (Ta˜b˜)
∗ = −(σ3)a˜c˜(σ3)b˜d˜Tc˜d˜ , (Tα˜β˜)∗ = ǫα˜ γ˜ǫβ˜ δ˜Tγ˜δ˜ . (3.59)
The (anti)commutation relations we have just uncovered are the ones of the real form
of D(2, 1;α) with Lie subalgebra SU(1, 1) × SU(2) × SU(2)R. The parameter α can be
defined as α ≡ λ+/λ− for λ− 6= 0. We will slightly abuse the notation and include the case
λ− = 0, λ+ 6= 0 as α = ∞. There are four special subcases of the general algebra (see the
discussion in [14]):8
• D(2, 1; 1) ≃ OSp(4∗|2) corresponds to a superspace built on AdS2 × S2 with equal
radii. The space is superconformally flat, as reflected by the vanishing of the tensor
W+ab = −Z+ab. It can be embedded in the superconformal group SU(2, 2|2).
• D(2, 1; 0) ≃ SU(1, 1|2), where the Lie subalgebra reduces to SU(1, 1) × SU(2)R and
the space is AdS2 × R2. The original SU(2) isometries of the sphere contract to
ISO(2), the compact generator acting as an external automorphism.
• D(2, 1;−1) ≃ SU(1, 1|2), where this time the SU(2) factor corresponds to the S2
isometries and AdS2 × S2 have the same radii. The SU(2)R group acts as exter-
nal automorphisms. This is the superalgebra obtained as the near horizon limit of
supersymmetric black holes in N = 2, D = 4 supergravity.
• D(2, 1;∞) ≃ SU(2|2), where AdS2 is flattened to R1,1 and SU(1,1) is contracted to
ISO(1,1), an SO(1,1) subgroup acting as an external automorphism.
8We use the same symbol for the real and complex form of D(2, 1;α). Other real forms exist, but we
will not encounter them. Because the algebra is real, α must be real as well.
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All other values of α correspond to AdS2 × S2 with different radii.9 Notice that for each
choice of radii, there are two distinct supersymmetry algebras depending on the sign of α.
The supercosets built from these algebras can be encoded in the general expression
D(2, 1;α)
SO(1, 1)×U(1)× SU(2)R
, (3.60)
with the exception of the cases α = 0,−1,∞, where the numerator includes respectively
the ISO(2), SU(2)R or ISO(1,1) external automorphisms as a semidirect product. The
coset construction allows us to define Killing spinors with ease as usual, see Appendix C.
3.7 Other geometries
3.7.1 Warped Lorentzian S3 × R
Our analysis of rigid backgrounds also gives rise to more exotic solutions beyond the spaces
discussed so far. A first interesting class of less conventional geometries is given by SU(2)
group manifolds with non-Euclidean metrics. Regarding S3 ∼ SU(2) as a Hopf fibration,
these geometries correspond to taking the fiber circle to be either timelike or lightlike.
The first case we analyze is an S3 with Lorentzian metric. Such a manifold is easily
defined using the standard left-invariant one–forms of SU(2) (3.14) and treating the one
associated with the fiber as timelike. This space corresponds to a radial section of Taub–
NUT [30].
The background is sourced by the same field configuration as timelike stretched AdS3×
R, i.e. a spacelike G and a Z two-form along a timelike hypersurface. However, we now take
λ2 > 4g2. This induces a change of topology from timelike stretched AdS3 to a compact
space with SU(2) × U(1) isometries. The supercoset is formally identical to the standard
squashed R× S3:
SU(2|2)(U, G·P )
SU(2)R ×U(1)M , (3.61)
though now the deformed S1 fiber is regarded as the timelike direction. The metric reads
ds2 =
υ
4g2
[−υ(dω + cos θ dφ)2 + dθ2 + sin2 θ dφ2] + dz2, υ ≡
(
λ2
4g2
− 1
)−1
> 0. (3.62)
Such a geometry admits only SU(2)×U(1) as an isometry group, regardless of the value of
υ, because two of the (right) isometries are broken by the choice of Lorentzian signature.
3.7.2 Lightlike S3 × R
In 4D it is also possible to treat the Hopf fiber of S3 as a lightlike direction, obtaining a
metric of the form
ds2 =
1
4λ2
(
2du(dω + cos θ dφ) + dθ2 + sin2 θ dφ2
)
. (3.63)
9There are two other isomorphisms. First, α = −2 gives rise to an OSp(4∗|2) algebra, however it
exchanges the roles of the spatial SU(2) with SU(2)R. As a consequence, this case is not superconformally
flat, as is clear from the fact that T+ab is non-vanishing. Second, α = −1/2 gives rise to an OSp(4|2) algebra.
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The resulting space is (locally) isomorphic to a ‘lightlike’ S3 × R. Such a space arises
from our analysis if we take G null (but everywhere non-vanishing) and Z spacelike with
|Z|2 ≡ 8λ2. Setting Z = 0 yields a different geometry which is not topologically a sphere.
The supercoset space is again (3.61). Killing spinors are constructed in Appendix C. A full
analysis of the global properties of this space goes beyond the scope of this paper, but we
note that a global lightlike S3 × R has closed null curves but no closed timelike curves.
3.7.3 ‘Overstretched’ AdS3 (Heis3 × R)
There is a threshold case between timelike stretched AdS3×R and the Lorentzian S3×R,
obtained for spacelike G and spacelike Z with λ2 = 4g2. It corresponds to a non-semisimple
contraction of the SU(1, 1|2) and SU(2|2) superalgebra with Heis3⋊U(1)M ×RG·P bosonic
isometries. The geometry is in fact the group manifold Heis3×R where the central charge
corresponds to the timelike isometry. The metric is
ds2 = −(dt+ 2g xdy − 2g ydx)2 + dx2 + dy2 + dz2. (3.64)
This metric can also be interpreted as a rotating relativistic fluid.
3.7.4 Plane waves
Finally, there is a class of plane wave geometries admitting full N = 2 supersymmetry,
generalizing the supergravity solution of Kowalski-Glikman [31].10 Some of these can be
obtained as Penrose limits of the geometries encountered so far, following e.g. [34, 35], but
it is more convenient (and more general) to study these backgrounds independently.
Not surprisingly, plane waves are obtained for null G or Gij , giving rise to the same
spacetime with different realizations of N = 2 supersymmetry. Reflecting their origin as
Penrose limits, these superalgebras are contractions of those encountered for S3 × R and
AdS3×R. At the bosonic level we can just restrict to a null, everywhere non-vanishing G.
Then the most general plane wave geometry is obtained turning on also Z along some null
hypersurface parallel to G.
Let us show how the bosonic background arises. We take Ga = 1√
2
(g, 0, 0, g) = gδa+
and Zab = 2
√
2λ+δ
−1
ab − 2
√
2iλ−δ−2ab , where we can fix λ+ ≥ 0, λ− ∈ R. The cases
g = 0 and λ± = 0 are included in our analysis as all objects depend smoothly on these
parameters. When λ± = 0 the same bosonic background can be realized by Gij. Defining
P± ≡ 1√2(P3 ± P0), the non-vanishing commutators of the bosonic isometry algebra read
[Pa, Pb] = −4gǫ+abcPc + 4λ2−δ−2ab M+2 + 4λ2+δ−1ab M+1, (ǫ+−12 = +1)
[M+d, P−] = Pd, [M+d, Pd] = −P+, (d = 1, 2). (3.65)
This algebra is the semi-direct product of P− and a five-dimensional Heisenberg algebra
(with central charge P+). The former generates the null direction complementary to the
three-dimensional null space defined by G. The residual Lorentz algebra contains the two
10Also see [32, 33] for similar solutions of 11d and Type IIB supergravity.
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null generators M+1, M+2. Then the general plane wave that we find is a coset space
RP− ⋉Heis5
N2M+1,M+2
. (3.66)
When Z = 0 this simplifies to the group manifold RP− ⋉Heis3. We obtain the metric
ds2 = 2dudv + 4g(ydx− xdy)du− 2(λ2−x2 + λ2+y2)du2 + dx2 + dy2. (3.67)
Another possibility is to use Brinkmann coordinates, which we obtain via
x→ xˆ = x cos 2gu+ y sin 2gu , y → yˆ = −x sin 2gu + y cos 2gu . (3.68)
The metric then takes the standard plane wave form
ds2 = 2dudv +Amn(gu)xˆ
mxˆndu2 + δmndxˆ
mdxˆn, m = 1, 2 , (3.69)
A(gu) = −(4g2 + λ2+ + λ2−)I2 + (λ2+ − λ2−)
(
cos 4gu − sin 4gu
− sin 4gu − cos 4gu
)
. (3.70)
4 Rigid supersymmetric actions
Each of the spaces we have discussed admits eight Killing spinors and is described by the
same rigid N = 2 supersymmetry algebra (2.18), parametrized by the background fields
Sij , Zab, Ga, and Gaij. This suggests it should be possible to construct in a unified way
the supersymmetric vector multiplet and hypermultiplet actions for these spaces simultane-
ously: one should simply insert the relevant values for the metric and the other background
fields. That will be the goal of this section. We describe first off-shell vector multiplets and
on-shell hypermultiplets in these geometries. After this, we discuss how some of these ac-
tions could be derived directly from conformal supergravity by taking a certain rigid limit.
Finally, as an explicit example, we describe the N = 2∗ action in a rigid background.
4.1 Vector multiplets
We will begin our discussion of vector multiplets with the abelian case, where the situation
is comparably simpler, before gauging the isometries of the special Ka¨hler manifold.
Abelian vector multiplets
An abelian N = 2 vector multiplet consists of a complex scalar XI , a Weyl fermion λαiI ,
a pseudoreal auxiliary triplet Y ijI , and a real connection Am
I . In Lorentzian signature,
(XI)∗ = X¯I , (λαiI)∗ = λ¯α˙iI , (Y ijI)∗ = YijI . (4.1)
In rigid superspace, these components are contained within a complex superfield X I which
is chiral, D¯α˙iX I = 0, and obeys a superspace Bianchi identity [36, 37]
(Dij + 4Sij)X I = (D¯ij + 4S¯ij)X¯ I . (4.2)
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The component fields are defined using the superfield via
XI := X I | , X¯I := X¯ I | ,
λαi
I := −DαiX I | , λ¯α˙i I := D¯α˙iX¯ I | ,
Y ijI := −1
2
(Dij + 4Sij)X I | ,
Fab
I =
1
4
(σab)
βαDβαX I |+ 1
4
(σ¯ab)
β˙α˙D¯β˙α˙X¯ I | − ZabXI − Z¯abX¯I , (4.3)
where the vertical bar denotes taking the θ = 0 projection.
As a consequence of the superspace Bianchi identity, Fmn
I is a field strength for a
one-form Am
I . Both of these can be lifted to superspace forms AI and FI . One must
constrain the tangent space components FABI so that it is entirely determined in terms of
the superfield X I :
F iαjβI = −4 ǫαβǫijX¯ I , F α˙i β˙j I = 4 ǫα˙β˙ ǫijX I ,
F iαββ˙I = 2i ǫαβ D¯iβ˙X¯ I , Fα˙i ββ˙I = 2i ǫα˙β˙DβiX I ,
FabI = 1
4
(σab)
βαDβαX I + 1
4
(σ¯ab)
β˙α˙D¯β˙α˙X¯ I −ZabX I − Z¯abX¯ I . (4.4)
Because the vector multiplet includes its auxiliary field, the supersymmetry algebra
closes off-shell. The variations of the component fields are
δXI = −ξαi λiαI , δX¯I = ξ¯iα˙λ¯α˙i I , (4.5a)
δλαi
I = (Fab
I + ZabXI + Z¯abX¯I)(σabξi)α + (YijI + 2SijXI)ξαj
− 2iDaXI (σaξ¯i)α + 4iGa ijXI (σaξ¯j)α , (4.5b)
δλ¯α˙iI = (Fab
I + ZabXI + Z¯abX¯I)(σ¯abξi)α˙ − (Y ijI + 2S¯ijX¯I)ξ¯α˙j
+ 2iDaX¯I (σ¯aξi)α˙ + 4iGaijX¯I (σ¯aξj)α˙ , (4.5c)
δYij
I = 2i ξ(i /Dλ¯j)I − 4iGak(i ξj)σaλ¯kI − 2Ga ξ(iσaλ¯j)I
− 2i ξ¯(i /Dλj)I + 4iGak(i ξ¯j)σ¯aλkI − 2Ga ξ¯(iσ¯aλj)I , (4.5d)
δAm
I = i(ξjσmλ¯
jI) + i(ξ¯j σ¯mλj
I) . (4.5e)
Abelian vector multiplet action
The vector multiplet actions are straightforward to construct in superspace. They are given
by a chiral superspace integral of a holomorphic prepotential function F (X I),
−i
∫
d4xd4θ E F (X ) + i
∫
d4xd4θ¯ E¯ F¯ (X¯ ) . (4.6)
In a Minkowski background, or indeed in any rigid N = 2 background with Gaij = 0,
the prepotential needs to satisfy no further restrictions. However, in a rigid background
with nonvanishing Ga
ij, the U(1)R symmetry forces the prepotential to be homogeneous
of weight two – that is, it must be a superconformal model.
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Deriving the component action of (4.6) is a straightforward application of superspace
techniques (see e.g. [38]). As in the rigid Minkowski case, the sigma model is an affine
special Ka¨hler manifold (see e.g. [39]) with Ka¨hler potential K and metric gIJ :
K = iXI F¯I − iX¯IFI , gIJ = −iFIJ + iF¯IJ . (4.7)
The leading bosonic kinetic terms are
L = −gIJ DaXIDaX¯J + i
4
FIJF
−I
ab F
ab−J − i
4
F¯IJF
+I
ab F
ab+J + · · · . (4.8)
We will give the full Lagrangian, including gauged isometries, in due course, but for now
there are some important features to discuss in the ungauged case. Foremost is that the
action admits the same group of duality transformations as in flat space. These can be seen
easily in the superspace description, where the superfield equations of motion imply that
the chiral superfield FI(X ) also obeys the constraint (4.2). The duality transformations
belong to the inhomogeneous symplectic group ISp(2n,R),(
X I
FI
)
−→
(
U IJ Z
IJ
WIJ VI
J
)(
X J
FJ
)
+
(
CI
CI
)
(4.9)
where the matrix is an element of Sp(2n,R) and CI and CI are constant complex numbers.
11
When Sij is nonzero, CI must obey the extra constraint SijCI = S¯ijC¯I , and similarly
for CI , as a consequence of (4.2). One may decompose the C
I and CI in terms of real
parameters U I (j) and WI(j) with j = 1, 2, so that
CI = U I (1) + iU
I
(2) , CI =WI(1) + iWI(2) . (4.10)
This suggestive decomposition reflects the presence of so-called background vector multi-
plets in the rigid supersymmetric geometries we have been discussing.
Background vector multiplets and central charges
There is a close relationship between background vector multiplets and the possibility of
extending the supersymmetry algebra by a complex internal central charge Z. Provided
that Ga
ij = 0, we can deform the algebra with the extra terms
{Dαi,Dβj} ∼ 4ǫαβǫijZ¯ , {D¯α˙i, D¯β˙ j} ∼ −4ǫα˙β˙ǫijZ , [Da,Db] ∼ ZabZ + Z¯abZ¯ . (4.11)
The covariant derivatives DM now carry a complex central charge connection, with the
background field Zab playing the role of the bosonic field strength for Z. These observations
can be clarified if we write the complex central charge in terms of two real central charges,
Z = Z(1) + iZ(2), and interpret the algebra of covariant derivatives above as
[DA,DB ] ∼ −FAB(i)Z(i) (4.12)
11One can also consider a global U(1)R transformation as in the Minkowski case, but it will not play a
role in what follows.
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where FMN (i) is the field strength for two real abelian one-formsAM (i). Comparing to (4.4),
one can see that the field strengths FAB(i) are associated with constant vector multiplet
superfields X (1) = 1 and X (2) = i. In particular, the background vectors possess non-
vanishing field strengths with one-form potentials (see (4.4)),
Fab
(1) = −2ReZab , Fab(2) = 2 ImZab ,
Am
(1) = −2ReCm , Am(2) = 2 ImCm . (4.13)
More generally, we can choose X (1) to possess any phase and take X (2) = iX (1). A subtlety
emerges when Sij is non-vanishing: then (4.2) implies SjkX (i) = S¯jkX¯ (i), and so only one
independent choice of X (i) is possible. For pseudoreal Sij , we take X (1) = 1 and drop X (2).
These observations readily admit a simple explanation of the inhomogeneous symplec-
tic transformation (4.9). Rewriting that transformation as(
X I
FI
)
−→
(
U IJ Z
IJ
WIJ VI
J
)(
X J
FJ
)
+
(
U I (j)X (j)
WI(j)X (j)
)
(4.14)
one finds that it can be embedded into Sp(2n+ 4,R) acting on the 2n+ 4 vector (X Iˆ , FIˆ)
where X Iˆ = (X I ,X (i)). The prepotential F (X Iˆ) should be taken as a homogeneous prepo-
tential with two constant vector multiplets X (i).12 Because the background multiplets are
never placed on-shell, F(i) does not obey (4.2) and must not mix into the other multiplets:
this zeroes out the entries ZI(j) and VI
(j) of the Sp(2n + 4,R) matrix, recovering (4.14).
Imposing in addition the invariance of the constant X (i) determines the other entries.
Non-abelian (gauged) vector multiplets
Until now we have been dealing with abelian (ungauged) vector multiplets. Before dis-
cussing the action in detail, we should allow for the possibility of gauging isometries of the
special Ka¨hler manifold. It is sufficient to discuss the group of isometries on the one-forms
AI . Taking into account the additional background one-forms A(i), we are led to consider
δAI = dΛI +AJ(ΛKfKJI + Λ(k)f(k)J I) +A(j)(ΛKfK(j)I + Λ(k)f(k)(j)I) ,
δA(i) = dΛ(i) . (4.15)
Collectively these can be written δAIˆ = dΛIˆ +AJˆΛKˆfKˆJˆ Iˆ . The Lie algebra here is
[TI , TJ ] = fIJ
KTK , [Z(i), TJ ] = f(i)J
KTK , [Z(i), Z(j)] = f(i)(j)
KTK . (4.16)
In the gauged case, Z(i) no longer commute with the gauge generators but we will still
occasionally refer to them as central charges. The superfields X I and X (i) transform as
δX I = X J(ΛKfKJI + Λ(k)f(k)jI) +X (j)(ΛKfK(j)I + Λ(k)f(k)(j)I) , δX (i) = 0 . (4.17)
12When both constant vector multiplets are present, the lift of the original inhomogeneous F (X I) to the
homogeneous F (X Iˆ) is not unique.
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Collectively these can be written as δX Iˆ = X JˆΛKˆfKˆJˆ Iˆ . Comparing with (4.14), one can
see that this gauges a subgroup of ISp(2n,R) with infinitesimal elements
uIJ = Λ
KfKJ
I + Λ(k)f(k)J
I , uI (j) = Λ
KfK(j)
I + Λ(k)f(k)(j)
I . (4.18)
The full embedding of the gauge group may also involve wIJˆ , as we will discuss shortly.
Now defining the superspace covariant derivatives to carry the connections AI and
A(i), the SUSY transformations of the vector multiplets X I can be determined; they differ
only slightly from (4.5). It is convenient to introduce the Killing vector JJˆ
I defined by
δXI = ΛJˆJJˆ
I , JJˆ
I = −XKˆfKˆJˆ I , (4.19)
Including a uniform coupling constant g to track the gauging terms, one finds
δXI = −ξαi λiαI , δX¯I = ξ¯iα˙λ¯α˙i I , (4.20a)
δλαi
I = (Fab
I +ZabXI + Z¯abX¯I)(σabξi)α + (YijI + 2SijXI)ξαj
− 2iDaXI (σaξ¯i)α + 4iGa ijXI (σaξ¯j)α − 2g X¯ JˆJJˆ I ξαi , (4.20b)
δλ¯α˙iI = (Fab
I +ZabXI + Z¯abX¯I)(σ¯abξ¯i)α˙ − (Y ijI + 2S¯ijX¯I)ξ¯α˙j
+ 2iDaX¯I (σ¯aξi)α˙ + 4iGaijX¯I (σ¯aξj)α˙ − 2g X Jˆ J¯Jˆ I ξ¯α˙i , (4.20c)
δYij
I = 2i ξ(i /Dλ¯j)I − 4iGak(i ξj)σaλ¯kI − 2Ga ξ(iσaλ¯j)I
− 2i ξ¯(i /Dλj)I + 4iGak(i ξ¯j)σ¯aλkI − 2Ga ξ¯(iσ¯aλj)I
− 4g ξ(iλj)J J¯J I − 4g ξ¯(iλ¯j)J JJ I , (4.20d)
δAm
I = i(ξjσmλ¯
jI) + i(ξ¯j σ¯mλj
I) . (4.20e)
The vector derivative carries the full set of connections, i.e.
DaXI = eam
(
∂mX
I − 2iAmXI + g AmJˆXKˆfKˆJˆ I
)
, (4.21)
with the contributions from the constants X(k) gauging inhomogeneous transformations.
Similarly, the field strengths Fmn
I are now given by
Fmn
I = 2∂[mAn]
I + g Am
JˆAn
KˆfKˆJˆ
I (4.22)
Vector multiplet action with gauged isometries
Now we will give the final form of the action, including gauged isometries. Assuming the
prepotential F is gauge-invariant, we calculate the component reduction of (4.6):
L = −gIJDaXIDaX¯J − i
4
gIJλ
I
j /ˆDλ¯jJ −
i
4
gIJ λ¯
jJ /ˆDλIj
+
i
4
FIJF
−I
ab F
ab−J − i
4
F¯IJF
+I
ab F
ab+J +
1
8
gIJY
ijIYij
J
+ 4Ga
(
FIDaX¯I + F¯IDaXI
)
+ Yij
IOijI + FabIOabI + Lpot + Lferm . (4.23)
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We have collected the moment couplings into OabI and the terms linear in the auxiliary
field into OijI . Additional terms contributing to the scalar potential are given in Lpot and
additional fermionic terms appear in Lferm. Before giving these expressions, let us comment
on the leading terms of (4.23). The covariant derivative of the scalars is given in (4.21),
whereas the covariant derivative of the gauginos includes the special Ka¨hler connection,
DˆaλαjI = DaλαjI + igIJ FJKLDaXK λαjL . (4.24)
The terms involving the field strengths can be rewritten as usual as
−1
8
gIJFab
IF abJ − 1
8
(FIJ + F¯IJ)Fab
I F˜ abJ (4.25)
where FIJ + F¯IJ describes a generalized θ-term. The expression involving G
a in (4.23) can
be rewritten up to a total derivative using its dual two-form potential as
4Ga(FIDaX¯I + F¯IDaXI) = ǫmnpq Bmn
(
2i gIJ DpXI DqX¯J − g FpqIˆDIˆ
)
= 2i ǫmnpq Bmn ∂pX
I ∂qX¯
J gIJ +
2
3
g ǫmnpqHmnpAq
IˆDIˆ . (4.26)
This involves a generalized BF coupling between the background two-form B and the spe-
cial Ka¨hler two-form −i gIJ dXI ∧ dX¯J . Note that we have dropped the U(1)R connection
Am above because when G
a is non-zero this connection is always taken to vanish.
The remaining terms in the Lagrangian involve
OabI =
1
4
ǫabcdZcd(FI − 1
2
(FIJ + F¯IJ)X
J ) +
1
4
ǫabcdZ¯cd(F¯I − 1
2
(FIJ + F¯IJ)X¯
J )
− 1
4
gIJ(X
JZab + X¯J Z¯ab)− i
8
FIJKλ
kJσabλKk +
i
8
F¯IJK λ¯
kJ σ¯abλ¯Kk , (4.27)
OijI =
i
2
Sij(FI − FIJXJ)− i
2
S¯ij(F¯I − F¯IJX¯J) + i
8
FIJK(λ
iJλjK)− i
8
F¯IJK(λ¯
iJ λ¯jK) ,
(4.28)
Lpot = −1
8
gIJ(X
IZab + X¯IZ¯ab)(XJZab + X¯J Z¯ab)
− 1
8
(FIJ + F¯IJ)
(
XIZab + X¯IZ¯ab
)(
XJ Z˜ab + X¯J ˜¯Zab
)
+
1
2
ZabZ˜ab(FIXI − F ) + 1
2
Z¯ab ˜¯Zab(F¯IX¯I − F¯ )
+ iSijSij(2FIX
I − 1
2
XIXJFIJ − 3F )− iS¯ij S¯ij(2F¯IX¯I − 1
2
F¯IJX¯
IX¯J − 3F¯ )
+ SijS¯ijK + 2G
a ijGa ijK − g2gIJDIDJ , (4.29)
Lferm = gIJ λIi σaλ¯jJ
(1
2
δijGa + iGa
i
j
)
+
i
4
(λIi λ
J
j )S
ijFIJKX
K − i
4
(λ¯iI λ¯jJ)S¯ijF¯IJKX¯
K
− i
8
(λkIσabλJk )(Z¯abX¯K + ZabXK)FIJK +
i
8
(λ¯kI σ¯abλ¯Jk )(ZabX
K + Z¯abX¯K) F¯IJK
− i
48
FIJKL(λ
iIλjJ)(λKi λ
L
j ) +
i
48
F¯IJKL(λ¯
iI λ¯jJ)(λ¯Ki λ¯
L
j )
− 1
2
gλkIλJk gIK J¯J
K − 1
2
gλ¯kI λ¯Jk gIKJJ
K . (4.30)
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We have utilized the Killing potentials (or moment maps) for JIˆ
J given by
DIˆ = fIˆJˆ
K(X Jˆ F¯K + X¯
JˆFK) . (4.31)
The moment maps DI associated with the dynamical vector multiplets may also be written
DI = −igIJXKˆX¯LˆfKˆLˆJ . (4.32)
Suppose now that the prepotential F is not gauge invariant but transforms as
δF =
1
2
ΛKˆCKˆ,IˆJˆX
IˆX Jˆ , (4.33)
with real CKˆ,IˆJˆ . This transformation lies in a subgroup of (4.14) with infinitesimal wIJˆ =
ΛKˆCKˆ,IJˆ . Provided we write the BF coupling as in (4.26), the Lagrangian fails to be
gauge invariant only due to the generalized θ term involving FIJ + F¯IJ in (4.25), the
moment couplings involving ǫabcdZcd in (4.27), and the potential terms involving products
like ZabZcdǫabcd in (4.29). These have a natural interpretation as generalized θ terms
involving the background vector multiplets. As in the Minkowski case, gauge invariance
can be restored by adding the Chern-Simons like term [40, 41]
LCS−like = −2
3
g ǫmnpq CKˆ,IˆJˆ Am
Kˆ An
Iˆ(∂pAq
Jˆ − 3
8
gfMˆNˆ
JˆAp
MˆAq
Nˆ ) , (4.34)
which involves both the physical connections Am
I and the background connections Am
(i).
In addition, one must modify the Killing potentials in the various expressions above to
DIˆ = fIˆ Jˆ
K(X Jˆ F¯K + X¯
JˆFK)− CIˆ ,JˆKˆX JˆX¯Kˆ , (4.35)
with (4.32) still holding. These modifications also restore supersymmetry.
BPS conditions for the vector multiplet
From the supersymmetry transformations (4.20), we may characterize the moduli space of
supersymmetric configurations for a vector multiplet in a generic rigid background. Recall
that in Minkowski spacetime a supersymmetric configuration for a vector multiplet is given
by constant scalar XI and vanishing fermions, field strengths, and auxiliary fields. In a
generic rigid N = 2 background characterized by the background fields Sij , Zab, Ga, and
Ga
i
j, the situation differs.
Let us first assume that Ga
ij = 0 and that we have eliminated the spacetime U(1)R
connection. Requiring δXI = 0 for eight linearly independent supercharges implies that
the fermions λαi
I vanish. Requiring δλαi
I = 0 leads to the additional constraints
Yij
I = −2SijXI = −2S¯ijX¯I , DaXI = 0 ,
Fab
I = −ZabXI − Z¯abX¯I , X Jˆ X¯KˆfKˆJˆ I = 0 . (4.36)
The first condition fixes the auxiliary field and relates the phase of XI to that of Sij
(provided Sij is non-vanishing). The condition on Fab
I is a BPS attractor equation in
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a fully supersymmetric background; equivalently, given a field strength (which must be
related to Zab) it fixes the values of the scalars XI .13 The conditions on the right force
XI to be covariantly constant and constrain the VEVs of the scalars when non-abelian
couplings are present. Note that the usual result [XITI , X¯
JTJ ] = X
IX¯JfIJ
KTK = 0 is
deformed by the background vector multiplets.
If instead we have a background with Ga
ij 6= 0, the situation is drastically simpler.
We find that XI must vanish and so the entire multiplet vanishes. This is a consequence of
the non-trivial R-symmetry appearing in the supersymmetry algebra: since the superfield
X I carries R-charge, it must completely vanish.
4.2 Hypermultiplets
Hypermultiplets are on-shell representations of the supersymmetry algebra consisting of
4n real scalars φµ with µ = 1, · · · , 4n and 2n chiral fermions ζαa, with a = 1, · · · , 2n,
obeying (ζα
a)∗ = ζ¯α˙a¯. We follow the conventions of [47]. As in a Minkowski background,
the scalars parametrize the target space of a hyperka¨hler manifold with metric gµν and
three covariantly constant complex structures (JA)µν , obeying the quaternion algebra
JAJB = −δAB + ǫABCJC . (4.37)
Introducing J ij = i2 (σA)ijJA where σA are the three Pauli matrices, we can construct
three hyperka¨hler two-forms (Ωij)µν = ǫikgµρ(J kj)ρν .
There are three important classes of isometries. The first are the triholomorphic isome-
tries Jµ, which obey LJgµν = LJ(Ωij)µν = 0. These may be gauged by vector multiplets
(including the background ones), in which case we denote them by JIˆ
µ. Associated with
each Jµ is a moment map (or Killing potential) Dij obeying
∇µDIˆ ij = −(Ωij)µνJIˆ ν . (4.38)
This defines the moment map up to a constant Fayet-Iliopoulos term.
The second class of isometry, denoted by V µ, rotates the complex structures,
LV gµν = 0 , LV (Ωij)µν = −2vk(i(Ωj)k)µν , LV JA = −2ǫABC vBJC , (4.39)
where vij is a symmetric pseudoreal normalized SU(2) triplet, vijvjk = δ
i
k, equivalent to a
normalized real SO(3) vector, vA = − i2(σA)ijvj i. Because V µ is holomorphic with respect
to the complex structure vAJA, there is a corresponding moment map, which we denote
K, for this specific complex structure. We normalize it so that
∇µK = vij(Ωij)µνV ν = vA(JA)µνVν . (4.40)
K is also a Ka¨hler potential for the metric gµν with respect to any complex structure
perpendicular to vAJA. That is for wAJA with wAvA = 0, one can show that
gµν =
1
2
(δµ
ρδν
σ + wAwBJAµρJBνσ)∇ρ∇σK . (4.41)
13This result generalizes the attractor equation found in the near horizon limit of BPS black holes [42–46],
where the supersymmetry algebra is given by the supergroup D(2, 1;−1) with Zab = −W
+
ab = −
1
4
T+ab.
– 31 –
This isometry is relevant whenever Sij = µ vij is non-vanishing, which implies the presence
of an SO(2) subgroup of SU(2)R in the supersymmetry algebra; this isometry is manifested
on the target space as V µ.14 This requirement was observed in [48].
The final case of interest is when the target space is a hyperka¨hler cone. Then there
is a homothetic conformal Killing vector χµ, obeying ∇µχν = δµν , and the target space
has a globally defined hyperka¨hler potential χ = 12χ
µχµ. One can construct a family of
isometries that rotate the complex structures in any direction: they are given by V µA =
−(JA)µνχν . The isometries generated by χµ and V µA are the target space realization
of the superconformal dilatation and SU(2)R generators, and so hyperka¨hler cones are
precisely those target spaces that may be coupled directly to conformal supergravity. (The
hypermultiplets are inert under U(1)R.) In fact, the presence of the SU(2)R isometries
is sufficient to deduce the presence of the dilatation isometry on the target space. For
the cases with Z−ab = Y −ab and/or Ga nonzero, the supersymmetry algebra generates an
arbitrary SU(2)R element, and so these superalgebras require a hyperka¨hler cone for the
hypermultiplets.
Supersymmetry transformations
There is one additional feature necessary to describe the hypermultiplet supersymmetry
transformations: the structure group is Sp(n)× Sp(1). That is, one can introduce a target
space vielbein fµi
a and its inverse fa
i µ (see [49–52]) where a = 1, · · · , 2n, obeying
fµi
afa
i ν = δµ
ν , fa
i µfµj
b = δa
bδij , fµi
a = −ǫij ωabgµν fbj ν ,
gµν = ǫ
ijωab fµi
afνj
b , (JA)µν = ifνia(σA)ijfaj µ , (Ωij)µν = fµa(ifνbj) ωab , (4.42)
where ωab is an antisymmetric matrix with ω
ab obeying ωabωbc = −δac . One can introduce
the complex conjugate of fµi
a, given by
(
fµi
a
)∗
= fµ
ia¯, so that
gµν = fµi
afν
ib¯gab¯ (4.43)
in terms of an Sp(n) metric gab¯. This implies that fµ
ia¯ = ǫijga¯aωabfµj
b. If the Sp(n) indices
are chosen to be flat tangent space indices, then one can choose gab¯ = δab¯ and take ωab to
be the canonical antisymmetric tensor of Sp(n). Following [51, 52], we will instead keep a
non-trivial Sp(n) metric and a covariantly constant ωab. Any vector V
µ can be related to
an Sp(n)×Sp(1) vector Via = V µfµia, and similarly for tensors. The hyperka¨hler Riemann
tensor is valued in Sp(n) alone,
Ra
i
b
j
c
k
d
l := fa
i µfb
j νfc
k ρfd
l σRµνρσ = Rabcd ǫ
ijǫkl (4.44)
where Rabcd is totally symmetric. One can always take the Sp(1) connection to vanish, and
then the Sp(n) connection Γνb
a is determined by requiring fµi
a to be covariantly constant.
The supersymmetry transformations of the hypermultiplet fields are
δφµ = ξiζ
b fb
iµ + ξ¯iζ¯ b¯ fb¯i
µ ,
14Even though Ga
ij admits a similar decomposition, it does not generate an R-symmetry transformation
in the SUSY algebra and has no effect on the target space geometry.
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δζaα =
(
2iDαβ˙φµ − 4Gαβ˙χµ
)
fµi
a ξ¯β˙i +
(
2µV µ + 4gX¯ IˆJIˆ
µ
)
fµi
aǫijξαj
+ 2Yα
βχµfµi
aǫijξβj − Γµbaδφµ ζbα ,
δζ¯ α˙a¯ =
(
2iDα˙βφµ + 4Gα˙βχµ
)
fµ
ia¯ξβi −
(
2µ¯V µ + 4gX IˆJIˆ
µ
)
fµ
ia¯ǫij ξ¯
α˙j
− 2 Y¯ α˙β˙χµfµia¯ǫij ξ¯β˙j − Γµb¯a¯δφµ ζ¯ α˙b¯ . (4.45)
This is an on-shell supersymmetry algebra only. The component Lagrangian is
L = −1
2
DmφµDmφν gµν − i
4
gbb¯ (ζ
αb
←→̂
D αα˙ζ¯ α˙b¯) + 1
16
ζaζbζ¯ a¯ζ¯ b¯Raa¯ bb¯
+ g ζaλi
IJIa
i + g ζ¯ a¯λ¯i IJI a¯i − 2g2X IˆX¯ JˆJIˆ µJJˆ νgµν + g YijI DI ij
− g
4
ζaζbX Iˆ ∇µJIˆ νfajµfbjν −
g
4
ζ¯ a¯ζ b¯X¯ Iˆ ∇µJIˆ νfa¯jµfb¯jν
+ LS + LGij + LZG . (4.46)
We have written the Riemann curvature term using Rab¯cd¯ := ωb¯
bωd¯
dRabcd. This and other
terms in the first three lines are straightforward covariantizations of the general gauged
hyperka¨hler sigma model in a Minkowski background. The covariant derivatives are
Dmφµ = ∂mφµ −AmIˆJIˆ µ ,
Dˆmζαb = ∂mζαb + 1
2
ωm
ab(σab)α
βζβ
b + iAmζα
b
− 1
2
Am
Iˆζα
cfc
jµ∇µJIˆ νfνjb +Dmφµ ζαc Γµcb . (4.47)
The remaining terms have been set apart corresponding to their dependence on the
background fields. The terms in LS are present only when Sij is non-vanishing:
LS = −1
8
µ¯ ζaζb faj
µfb
jν ∇µVν − 1
8
µ ζ¯ a¯ζ b¯ fa¯j
µfb¯
jν ∇µVν
− 1
2
|µ|2 V µVµ + 3|µ|2K − gµX IˆJIˆ µVµ − gµ¯X¯ IˆJIˆ µVµ
− 2gµXIDI ijvij − 2gµ¯X¯IDI ijvij − 6g µX(k)D(k)ijvij . (4.48)
Here we left Sij complex, i.e. Sij = µvij and S¯ij = µ¯vij, to distinguish which terms
arise from S¯ij. This distinction will be important in the Euclidean case. Recall that when
Sij 6= 0, the target space must possess an isometry V µ that rotates the complex structures.
In this case, the triholomorphic isometries associated with frozen vector multiplets may be
absorbed into a redefinition of V µ [53].
The terms involving Ga
ij are simplest when written in terms of its dual two-form,
LGij = ǫmnpqBmn ij
(
DpφµDqφνΩµνij + g FpqIˆDIˆ ij
)
= ǫmnpqBmn ij ∂pφ
µ∂qφ
νΩµν
ij − 2
3
g ǫmnpqHmnp
ijAq
IˆDIˆ ij , (4.49)
with equality holding up to total derivatives. The first term is just the spacetime pullback
of the hyperka¨hler two-forms. This expression may be interpreted as the hyperka¨hler
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analogue of the special Ka¨hler couplings involving Ga (4.26). It should be emphasized that
when Ga
ij is present, no constraint is placed on the hyperka¨hler target space.
Finally, we give the remaining terms involving Zab or Ga. We give them both in terms
of Zab and in terms of Y −ab = Z−ab and W+ab = −Z+ab:
LZG = 1
8
(W−abY
ab− +W+abY
ab+)χ+ 4GaGaχ− 1
4
ζαaζβbWαβ ωab − 1
4
ζ¯ α˙a¯ζ¯ β˙b¯ W¯α˙β˙ ωa¯b¯
= −1
8
ZabZ¯ab χ+ 4GaGaχ+ 1
4
ζαaζβb Z¯αβ ωab + 1
4
ζ¯ α˙a¯ζ¯ β˙b¯Zα˙β˙ ωa¯b¯ . (4.50)
The hyperka¨hler potential χ appears only when the target space must be superconformal,
that is when either Ga or Y −ab = Z−ab is nonzero.
BPS conditions for hypermultiplets
As with the vector multiplets, it is easy to find the conditions for full supersymmetry:
Daφµ = 0 , µV µ = −2gX¯ IˆJIˆ µ , Gaχµ = Y ±abχµ = 0 . (4.51)
The first condition is simple enough to understand: covariant constancy of the hypermul-
tiplet scalars. The second condition leads to a complicated alignment criterion between
the hyperscalars and the vector scalars that does not always admit a solution.15 The last
condition implies that when Ga or Y
±
ab are nonzero, in which case the target space is a
cone, the scalars must lie at the origin of the cone where χµ vanishes.
The off-shell origin of on-shell hypermultiplets
We have given the on-shell hypermultiplet SUSY transformations and action without
derivation. It turns out they can be derived directly from the off-shell formulation for
hypermultiplets given in curved projective superspace [21, 37, 54]. Let us briefly sketch
this topic using the conventions of [55].
An off-shell hypermultiplet is described by a complex arctic superfield Υ+ living on
M4|8 × SU(2) where M4|8 is the original N = 2 superspace and SU(2) is an auxiliary
manifold parametrizing the infinite number of auxiliary fields, with coordinates vi+ and
v−i = (v
i+)∗ obeying vi+v−i = 1. Actually, only the space CP
1 = SU(2)/U(1) plays
a role, and the charge on the superfield Υ+ denotes its weight under U(1). A general
hypermultiplet Lagrangian is described in flat superspace by an action
S = − 1
2π
∮
C
v+i dv
i+
∫
d4xd4θ+F++(Υ+, Υ˘+, vi+) (4.52)
where F++ is an arbitrary charge-two function of its arguments: the arctic superfield Υ+,
its antarctic conjugate Υ˘+, and the auxiliary coordinates vi+. The auxiliary integral is
over a contour C in CP 1. When no further restriction is imposed on F++, the target space
is a generic hyperka¨hler manifold upon eliminating the auxiliary fields.
15For instance, take Minkowski spacetime (µ = 0) and target space R4 and gauge a constant shift
symmetry with a central charge. Then X(i)J(i)
µ is everywhere non-vanishing.
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When coupled to conformal supergravity, the action generalizes to
S = − 1
2π
∮
C
dτ
∫
d4xd4θ+ E−−F++(Υ+, Υ˘+) (4.53)
where E−− is an appropriate superspace measure, including the generalization of v+i ∂τvi+,
where τ parametrizes the contour C. The Lagrangian F++ is now superconformal, possess-
ing no explicit dependence on vi+. The component reduction of this class was discussed in
[47], where it was shown how to recover the Lagrangian of a hyperka¨hler cone coupled to
conformal supergravity [51].
For the rigid supergeometries of interest in this paper, there are three cases to consider:
(1) The most restrictive case is when Y ±ab and/or Ga are turned on; then the SUSY al-
gebra generates the full SU(2)R group. This requires that the superspace Lagrangian
F++ is covariant under SU(2) diffeomorphisms, so it cannot depend explicitly on the
coordinates vi+. It takes the same form as (4.53) and upon reduction to components
leads to a hyperka¨hler cone.
(2) The next case is when Sij = µ vij , corresponding to AdS4 in Lorentzian signature. The
most general action is of the form [26]
S = − 1
2π
∮
C
dτ
∫
d4xd4θ+ E−−F++(Υ+, Υ˘+, v++) , v++ = vijv+i v+j . (4.54)
Here only an SO(2)R subgroup of SU(2)R must be preserved. At the component level,
this leads to a hyperka¨hler target space with an SO(2)R isometry that rotates the
complex structures. These actions have already been discussed extensively in four
dimensions [48, 53]; similar results hold in five [56, 57] and three dimensions [58].
(3) The final case involves background field configurations with only W±ab or Ga
ij . Because
no SU(2)R symmetry survives in the SUSY algebra, the Lagrangian need not respect
SU(2) diffeomorphisms and may depend arbitrary on the coordinates vi+,
S = − 1
2π
∮
C
dτ
∫
d4xd4θ+ E−−F++(Υ+, Υ˘+, vi+) . (4.55)
This leads, as in a flat background, to an unconstrained hyperka¨hler target space.
The procedure of reducing the various cases above to the explicit on-shell actions
is a straightforward application of the covariant techniques of [47]. Because it is rather
cumbersome, we do not give the derivation explicitly. A more roundabout derivation will
be sketched for cases (1) and (2) in the next section.
4.3 Conformal supergravity and the origin of rigid actions
In the preceding sections, we have emphasized the origin of the vector multiplet and hyper-
multiplet actions within a purely rigid supersymmetric framework, sketching their deriva-
tion from rigid superspace. It is instructive to briefly discuss how to reproduce the above
results within the context of conformal supergravity and existing component actions.16
16For a complete and pedagogical review of conformal supergravity-matter systems, we refer the reader
to the recent textbook [59].
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This approach is easiest to understand when applied to the vector multiplets. When
frozen vector multiplets X(i) are included, the prepotentials F (XI) may be lifted (albeit
non-uniquely) to homogeneous conformal prepotentials F (XI ,X(i)). The general action
coupling vector multiplets to conformal supergravity was given in [40]. Moving from the
conformal framework to the rigid supersymmetric framework involves freezing the vector
multiplets X(i) to constant values (a Weyl-U(1) gauge-fixing), turning off all background
fermions including the gauginos λ(i) (a choice of S-gauge), and setting to zero the dilatation
connection (a conformal gauge-fixing). The auxiliary field D, the Ricci scalar, and the
auxiliary fields T±ab are fixed as
D =
1
12
ZabZ¯ab , 1
4
T−ab ≡W−ab = −Z¯−ab ,
1
4
T+ab ≡W+ab = −Z+ab ,
R = −ZabZ¯ab + 6Sij S¯ij + 24G2 + 12GaijGaij , (4.56)
and one must redefine the R-symmetry connections, as discussed in footnote 4. The field
strengths and auxiliary fields of the frozen vector multiplets are
Fab
(i) = −ZabX(i) − Z¯abX¯(i) , Yij(k) = −2SijX(k) = −2S¯ijX¯(k) . (4.57)
For the hypermultiplets, the problem is more subtle. If the hyperka¨hler target space we
seek is a cone, we may directly couple it to conformal supergravity, apply the identifications
(4.56) for the Weyl multiplet, and redefine the U(1)R and SU(2)R connections. However, in
the case that the target space is not a cone, one must introduce additional hypermultiplet
compensators and identify the appropriate rigid limit.
For the class (2) given in (4.54), the object v++ = vijv+i v
+
j may be identified as a frozen
tensor multiplet L++ = Lijv+i v
+
j . In the component setting, one can take a hyperka¨hler
cone with an abelian isometry, dualize the hypermultiplets associated with the isometry
into a tensor multiplet (and reintroduce its auxiliary fields), and then freeze the multiplet
to a rigid configuration. A residual SO(2)R isometry will survive, as required.
For the class (3) given in (4.55), one may identify vi+ as frozen values of an arctic
multiplet Υ+0 and its conjugate Υ˘
+
0 . However, these multiplets must be frozen prior to the
elimination of the auxiliary fields – they are not on-shell multiplets – and so it is unclear
to us how the superspace procedure is related to taking the rigid 4n-dimensional limit of a
4n+ 4-dimensional hyperka¨hler cone. Thankfully, there are no terms in the action unique
to this class – all expressions in the rigid hypermultiplet action can be compared with the
rigid Minkowski case, the hyperka¨hler cone action coupled to conformal supergravity [51],
or the class (2) sketched above.
A related question is whether the actions and their corresponding supersymmetry
algebras can be derived dynamically from some supergravity-matter action. We will return
to this issue in the final section.
4.4 A simple example: The N = 2∗ action
As a simple application, we will give the N = 2∗ Lagrangian in a rigid background. The
matter content consists of n vector multiplets XI transforming in some compact non-
Abelian gauge group of dimension n with metric gIJ = δIJ , coupled to 4n hypermultiplets
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transforming in the adjoint. We set the θ term to zero for simplicity. In a Minkowski
background, the on-shell field content is an N = 4 multiplet; the N = 2∗ theory arises
after giving the hypermultiplet a mass by coupling it to a background vector multiplet.
Let us sketch here the relevant geometric data for the hyperka¨hler manifold. We choose
a complex basis for the bosons so that the third complex structure is diagonal,
φµ = (AI , BI , A¯I , B¯
I) , (J3)µν = diag(iδI J , iδI J ,−iδIJ ,−iδI J) . (4.58)
Because gIJ = δIJ , the complex fields A
I and BI transform in the same (adjoint) repre-
sentation. The three hyperka¨hler two-forms are
Ω11 = dA
I ∧ dBI , Ω22 = dA¯I ∧ dB¯I , Ω12 = 1
2
dAI ∧ dA¯I + 1
2
dBI ∧ dB¯I . (4.59)
The target space is a cone, so χ = AIA¯I+BIB¯
I is the hyperka¨hler potential for all complex
structures. The fermions are
ζa = (ψI , ρI) , ζ¯
a¯ = (ψ¯I , ρ¯
I) (4.60)
and the target space vielbein fµi
a can be identified from φµfµ1
a = (AI , BI) and φ
µfµ2
a =
(−B¯I , A¯I). We charge the hypermultiplets under a U(1) associated with the background
vector multiplet X(1) = 1 so that A and ψ have charge +e while B and ρ have charge −e.
In a Minkowski background, the Lagrangian is
L = −DmA¯IDmAI −DmB¯IDmBI −DmX¯IDmXI
− i
4
ψI
←→
/D ψ¯I − i
4
ρI
←→
/D ρ¯I − i
4
λIj
←→
/D λ¯jI − 1
8
Fab
IF abI
+
1
2
gXij Iλi
Jλj
KfIJK +
1
2
gXij
I λ¯iJ λ¯jKfIJK − 1
2
g2Tr
(
[Xij,Xkl][X
ij,Xkl]
)
− 2e2(AI A¯I +BIB¯I)− 2ie(ψIρI) + 2ie(ψ¯I ρ¯I) , (4.61)
after integrating out the auxiliary field Yij
I . The U(1) charge corresponds to a hypermul-
tiplet mass e
√
2, and in the massless limit, we recover N = 4 SYM. For that reason, we
have grouped some terms together into an SU(4) covariant form,
Xij = (Xij)
∗ =

0 X¯ −A¯ B¯
−X¯ 0 B A
A¯ −B 0 X
−B¯ −A −X 0
 , λi = (λi, ψ, ρ) = (λ¯i)∗ , (4.62)
with the index i labelling the 4 of SU(4). We normalize the trace so that
Tr
(
[Xij,Xkl][X
ij,Xkl]
)
= Xij
IXkl
JfIJ
KXijLXklMfLM
K . (4.63)
When Sij = µ vij is non-vanishing, one additional piece of information is required: the
form of the Killing vector V µ. We choose vij = −δij so that V µ = (B¯I ,−A¯I , BI ,−AI); the
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identification is simple because the target space is a cone. Introducing all of the required
couplings leads to
L = −DmA¯IDmAI −DmB¯IDmBI −DmX¯IDmXI
− i
4
ψI
←→
/D ψ¯I − i
4
ρI
←→
/D ρ¯I − i
4
λIj
←→
/D λ¯jI − 1
8
Fab
IF abI
+
1
2
Fab
I(W ab+XI +W ab−X¯I) + LBF + Lpot + Lferm . (4.64)
The potential terms are given by
Lpot = 2(|µ|2 − e2)(AI A¯I +BIB¯I) + 2|µ|2XIX¯I + 2i µ e (AIBI − A¯IB¯I)
− 1
4
ZabZ¯
ab
(
XIX¯I +
1
2
AIA¯I +
1
2
BIB¯
I
)
− 1
4
(W+ab)
2XIXI − 1
4
(W−ab)
2X¯IX¯I
+ 2Ga ijG
a ijXIX¯I + 4G2(AIA¯I +BIB¯
I)
− 1
2
g2Tr
(
[Xij,Xkl][X
ij,Xkl]
)
. (4.65)
Because we chose X(1) = 1, µ must be real. The fermionic couplings are
Lferm = (λIi σaλ¯jI)(
1
2
δijGa + iGa
i
j)− 2ie(ψIρI) + 2ie(ψ¯I ρ¯I)
+
1
2
ψαIρβI Z¯αβ +
1
2
ψ¯α˙I ρ¯β˙
IZ α˙β˙
+
1
2
gXij Iλi
Jλj
KfIJK +
1
2
gXij
I λ¯iJ λ¯jKfIJK . (4.66)
Finally, the generalized BF terms are
LBF = 2i ǫmnpqBmn∂pXI∂qX¯I + ǫmnpqBmnij∂pφµ∂qφνΩµν ij
+
2
3
gǫmnpqHmnpAq
IDI − 2
3
gǫmnpqHmnp
ijAq
IDI ij , (4.67)
where the special Ka¨hler and hyperka¨hler moment maps are
DI = −iXJX¯KfJKI , DI 12 = 1
2
(AJ A¯K +BJB¯K)fJKI ,
DI 11 = A
JBKfJKI , DI 22 = A¯
J B¯KfJKI . (4.68)
5 The general Euclidean supersymmetry algebra
Now we turn to the case of Euclidean SUSY. As in the Lorentzian case, we seek first a
general rigid Euclidean superalgebra admitting eight rigid supersymmetries. A straight-
forward way to construct such an algebra is via analytic continuation from the Lorentzian
case; the approach we follow resembles that chosen by [11].
This can briefly be described as follows. First complexify the Lorentzian superalgebra
(2.18), relaxing the reality conditions on all of the operators and fields. The algebra still
closes because the Bianchi identity is holomorphic in these quantities. Next, one makes a
Wick rotation on all vector quantities V , taking V0 → iV4 and V 0 → −iV 4, and similarly
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for any tensors. The algebra retains the same form provided we take σ0 = −iσ4 and
σ¯0 = −iσ¯4 and replace ηab with the Euclidean δab. We also exchange the Lorentzian ǫabcd
(with ǫ0123 = 1) for i εabcd (with ε1234 = 1). Now one must impose a reality condition so
that the momentum generators are Hermitian, but how exactly (if at all) to impose this
condition on the supercharges is an interesting question.
This is an old topic in the literature and one can identify two schools of thought. A
real Lorentzian supersymmetry algebra maps naturally under Wick rotation to a reflection
positive Euclidean supersymmetry algebra. This means that a Euclidean SUSY algebra
(or action) arising directly from analytic continuation does not need to be real in the con-
ventional sense, but rather real in the sense of Osterwalder and Schrader. This agrees with
the approach taken by Nicolai [60]. The second approach, originally proposed by Zumino
[61], involves maintaining reality of the SUSY algebra and associated actions by choosing
Majorana supercharges, but this is possible only for N ≥ 2. Real Euclidean actions and
algebras naturally continue to CT -even (but potentially complex) Lorentzian actions and
algebras. As noted in [62], the first case automatically gives the correct Green’s functions
under Wick rotation, while the latter case arises via timelike dimensional reduction from
5D. Because the first possibility is just a Wick rotation of the Lorentzian case (and so
should offer no new features), we will focus on the second possibility exclusively.
A real Euclidean superalgebra requires a real Euclidean superspace.17 We take
(Da)∗ = Da , (Dαi)∗ = −Dαi , (D¯α˙i)∗ = −D¯α˙i , (5.1)
so that the Killing spinors are symplectic Majorana-Weyl,
(ξα
i)∗ = ξαi , (ξ¯α˙i)∗ = ξ¯α˙i . (5.2)
Consistency with the flat space Euclidean supersymmetry algebra implies that the R-
symmetry group U(1) must map to the non-compact group SO(1, 1) corresponding to
chiral dilatations [61]. We account for this by exchanging the generator A for iU where
[U,Dαi] = −Dαi , [U, D¯α˙i] = +D¯α˙i . (5.3)
We correspondingly continue the U(1)R connection to an SO(1, 1)R connection. The
SU(2)R generator and connection are unchanged. Note that we keep the notation ξ¯
α˙
i
and D¯α˙i even though these are not the complex conjugates of the unbarred quantities.
After these modifications, the rigid Euclidean superspace algebra is
{Dαi,Dβj} = 4SijMαβ + ǫijǫαβ ZcdMcd + 2ǫijǫαβ SklI lk − 4ZαβIij ,
{D¯α˙i, D¯β˙ j} = 4S¯ijM¯ α˙β˙ − ǫijǫα˙β˙ Z¯cdMcd − 2ǫijǫα˙β˙S¯klI lk − 4Z¯ α˙β˙Iij ,
{Dαi, D¯β˙j} = −2i δij(σa)αβ˙Da + 2(σa)αβ˙εabcd(δijGb + iGbij)Mcd − 8Gαβ˙Iij + 2iGαβ˙ ijU ,
[Da,Dβj ] = i
2
(σa)βγ˙S
jkD¯γ˙k − i
2
Zab(σb)βγ˙D¯γ˙j − 2iGb(σba)βγDγj −Gbjk(σaσ¯b)βγDγk ,
[Da, D¯β˙ j ] = i
2
(σ¯a)
β˙γS¯jkDγk + i
2
Z¯ab(σ¯b)β˙γDγj + 2iGb(σ¯ba)β˙ γ˙D¯γ˙ j +Gbkj(σ¯aσb)β˙ γ˙D¯γ˙k ,
[Da,Db] = −1
2
Rab
cdMcd . (5.4)
17Euclidean superspaces for both real and holomorphic SUSY were introduced in [63].
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The Riemann tensor is explicitly determined to be
Rab
cd = −1
2
(ZabZ¯cd + Z¯abZcd) + 8G2δa[cδbd] − 16G[aG[cδb]d]
+ 4GfijG
ij
f δa
[cδb
d] − 8Gij[aG
[c
ijδb]
d] + Sij S¯ijδa
[cδb
d] . (5.5)
It will be useful to retain the same decomposition (2.17) for Zab. The space is conformally
flat when both Z−abZ¯−cd and Z+abZ¯+cd vanish and superconformally flat when Z+ab = Z¯−ab = 0.
The Killing spinor equations are
Dbξαi = −2iGc(σcbξi)α −Gcij(σcσ¯bξj)α − i
2
S¯ij(σbξ¯j)α − i
2
Z¯bc(σcξ¯i)α ,
Dbξ¯α˙i = +2iGc(σ¯cbξ¯i)α˙ −Gcij(σ¯cσbξ¯j)α˙ + i
2
Sij(σ¯bξj)
α˙ +
i
2
Zbc(σ¯cξi)α˙ .
(5.6)
Because ξα
i and ξ¯α˙i are symplectic Majorana-Weyl, these two equations are independent.
The reality conditions on the curvature fields are
(Zab)∗ = −Zab , (Sij)∗ = −Sij , (Ga)∗ = −Ga , (Gaij)∗ = Gaij , (5.7)
and similarly for Z¯ and S¯ij. We emphasize that Zab, Sij and Ga are (pseudo)imaginary in
Euclidean signature. Note that the SO(1, 1) weights of the various fields are given by
w(Sij) = w(Zab) = −2 , w(Ga) = w(Gaij) = 0 . (5.8)
An important feature of Euclidean signature is that the barred and unbarred fields, e.g.
Zab and Z¯ab, are completely independent.
6 Euclidean backgrounds
We may again introduce torsion by redefining the spin connection as
D˜a := Da + iεabcdGbMcd . (6.1)
Because Ga is imaginary in Euclidean signature, this modification leaves the spin connection
real. The modified superspace algebra is then
{Dαi,Dβj} = 4SijMαβ + ǫijǫαβ ZcdMcd + 2ǫijǫαβ SklI lk − 4ZαβIij ,
{D¯α˙i, D¯β˙ j} = 4S¯ijM¯ α˙β˙ − ǫijǫα˙β˙ Z¯cdMcd − 2ǫijǫα˙β˙S¯klI lk − 4Z¯ α˙β˙Iij ,
{Dαi, D¯β˙j} = −2i δij(σa)αβ˙D˜a + 2i(σa)αβ˙εabcdGbijMcd − 8Gαβ˙Iij + 2iGαβ˙ ijU ,
[D˜a,Dβj ] = i
2
(σa)βγ˙S
jkD¯γ˙k − i
2
Zab(σb)βγ˙D¯γ˙j − 4iGb(σba)βγDγj −Gbjk(σaσ¯b)βγDγk ,
[D˜a, D¯β˙ j ] = i
2
(σ¯a)
β˙γS¯jkDγk + i
2
Z¯ab(σ¯b)β˙γDγj + 4iGb(σ¯ba)β˙ γ˙D¯γ˙ j +Gbkj(σ¯aσb)β˙ γ˙D¯γ˙k ,
[D˜a, D˜b] = −T˜abcD˜c − 1
2
R˜ab
cdMcd , (6.2)
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where the torsion and Lorentz curvature tensors are given by
T˜ab
c = −4i εabcdGd ,
R˜ab
cd = −1
2
(ZabZ¯cd + Z¯abZcd) + 4GfijGijf δa[cδbd] − 8Gij[aG
[c
ijδb]
d] + Sij S¯ijδa
[cδb
d] . (6.3)
Now we can analyze the integrability conditions for all of these background fields ex-
actly as in Lorentzian signature, leading again to (2.15). These now lead to five possibilities:
(I) Sij and/or S¯ij nonzero, all other fields vanishing;
(II) Ga
i
j 6= 0, all other fields vanishing;
(III) Ga 6= 0, perhaps with some of Z±ab, Z¯±ab nonzero;
(IV) Z±ab and/or Z¯±ab nonzero, but all other fields vanishing;
(V) Sij and Z+ab = −W+ab nonzero, but all other fields vanishing.
The fifth case was not possible in Lorentzian signature. In the Euclidean case, both Sij
and Z+ab = −W+ab are pseudoimaginary and not the complex conjugates of S¯ij and Z¯−ab =
−W−ab, and so it is possible to keep one set while discarding the other. This leads to
a SUSY algebra where only the left or right-handed generators are deformed. Actually,
the fact that the right-handed and left-handed SUSY generators are no longer related
by complex conjugation leads to somewhat different possibilities in the other cases as
well. Such variants correspond to full supersymmetric relatives of the Ω background. The
analysis of the R-symmetry connections is analogous to the Lorentzian case.
Now the additional integrability conditions are identical to the Lorentzian case,
Sij ∝ S¯ij , G[aijGb]kl = 0 , GaZab = 0 , εabcdZabZ¯cd = 0 ,
Z±ab ∝ Z¯±ab , D˜aGb = D˜aGbij = 0 , D˜aZbc = D˜aZ¯bc = 0 . (6.4)
As before, Zab is a closed complex two-form, but its dual is not closed unless Ga = 0. We
summarize in Table 2 the resulting consistent Euclidean backgrounds.
6.1 S4 and H4
The first cases we consider are associated to non-vanishing Sij and S¯ij . For definiteness, let
us gauge-fix them to Sij = iµδij and S¯ij = iµ¯δij for real µ, µ¯. Depending on the relative
sign of µ and µ¯, two different superalgebras arise with the associated supercoset spaces:
OSp(2|4)
SO(4)× SO(2) and
OSp(2|2, 2)
SO(4)× SO(2) , (6.5)
with the latter obtained for µ¯ = −µ and corresponding to the Wick rotation of the AdS4
spacetime and gives the hyperboloid SO(4, 1)/SO(4), noting the isomorphism of the alge-
bras Sp(2, 2) ≃ SO(4, 1). The OSp(2|4) case corresponds to a round S4 geometry. As usual,
further details and explicit expressions for the Killing spinors are given in Appendix D.
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Background fields Geometry
Sij 6= 0 and S¯ij 6= 0 S4 and H4
Ga
i
j 6= 0 Two-sheeted H3 × R
Ga 6= 0 S3 × R
Z · Z¯ > 32G2 Warped S3 × R
Z · Z¯ = 32G2 Heis3 × R
Z · Z¯ < 32G2 Warped one-sheeted H3 × R
Zab 6= 0 but Ga = 0 H2 × S2, R2 × S2 and H2 × R2
Sij 6= 0, Z 6= 0, SijZ− = 0 Flat space (deformed susy)
Table 2. Consistent Euclidean backgrounds.
6.2 Squashed and stretched S3 × R and S3 × S1
The (squashed) R × S3 geometry generated by Ga and Zab in Lorentzian signature can
be Wick rotated to Euclidean and the background fields satisfy appropriate reality condi-
tions. In fact, in Euclidean signature we have more freedom in deforming the geometry
of the three-sphere and the associated supersymmetry algebra, basically because of the
independence of Z and Z¯.
In analogy with the Lorentzian case, non-vanishing G gives rise to an S3×R geometry
with a (centrally extended) SU(2|2)× SU(2) supersymmetry algebra. The flat direction is
generated by the central charge, hence there is no obstruction to compactifying it to S1.
Turning on Z and Z¯ fluxes along S3 and defining Z2 ≡ −8λ2, Z¯2 ≡ −8λ˜2 and G2 = −g2,
we obtain a warped S3 geometry with metric
ds2 =
υ
16g2
[
dθ2 + sin2 θ dω2 + υ(dφ+ cos θ dω)2
]
+ dz2 (6.6)
and warping parameter υ ≡ 1/(1 + λλ˜4g2 ), provided λλ˜ > −4g2. Notice that independence
of Z and Z¯ permits to source both squashing and stretching of the S3. The superspace is
again (3.25) with the substitution P0 → −iG · P .
When both Z and Z¯ are non-vanishing, we can set |λ| = |λ˜| by an SO(1, 1)R gauge
choice. An interesting possibility is to set Z¯ = 0 and keep Z 6= 0 (or vice versa). In this
case there is no squashing of the S3 geometry, but the supersymmetry algebra is deformed
in the sense that the isometry SU(2) group of the sphere does not preserve chirality of the
supercharges. This fact also breaks the residual Lorentz symmetry to the U(1) stabilizing
Z, and the superalgebra is SU(2|2) with two central charges just as in the squashed case.
In full analogy with the discussion in Lorentzian signature, the Killing spinors we find
do not depend on the Euclidean time specified by G · P , and the R-symmetry connections
are vanishing.18
18We point out again that these connections have been redefined in footnote 4. Our statement is unam-
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The requirement for real supersymmetry in Euclidean signature excludes the possibility
of an SU(2|1)2 realization of S3 × R. This is reflected in the different reality conditions
(5.7) for Ga and Ga
i
j .
19
6.3 Warped one-sheeted H3 × R
In the previous section we imposed λλ˜ > −4g2 in order to obtain an S3 geometry. If
we consider now λλ˜ < −4g2, the resulting manifold is AdS3 × R with a warped Euclidean
signature metric. This is basically the converse of what happens for the S3 with Lorentzian
metric in Section 3.7.1. The choice of Euclidean signature automatically breaks the isom-
etry group from the natural SU(1, 1)2 to SU(1, 1) × U(1). In fact, depending on λ, λ˜ the
geometry is warped along the circular fiber of the Hopf fibration S1 →֒ H3 → H2 (this is
what we would call timelike warped AdS3 if the metric were Lorentzian). The supercoset
structure of this space is the same as for timelike stretched AdS3, cfr. (3.45), the difference
being the choice of signature and the fact that we are now allowed to both stretch and
squash along the circular fiber. In the same coordinates we use for AdS3, we have the
metric
ds2 =
υ
16g2
[
υ(dτ + cosh ρdφ)2 + dρ2 + sinh2 ρdφ2
]
+dz2, υ ≡ −
(
1+
λλ˜
4g2
)−1
> 0. (6.7)
6.4 The Heis3 × R limit
We shall now consider the threshold case between S3 and H3, obtained by setting λλ˜ =
−4g2. In complete analogy with Section 3.7.3, the supersymmetry algebra is a non-
semisimple contraction of the (centrally extended) SU(2|2) superalgebra of S3 × R con-
taining Heis3 ⋊U(1)×R as spacetime isometries. The independent factor is generated by
G · P as usual, and the central charge of Heis3 is a linear combination of a translation and
Lorentz generator. We arrive at the metric
ds2 = (dw + 2g y dx− 2g xdy)2 + dx2 + dy2 + dz2. (6.8)
6.5 The two-sheeted H3 × R
Another hyperbolic background arises from Ga
i
j. Euclidean reality conditions do not
allow for SU(2|1)2 or SU(1, 1|1)2 superalgebras. What turns out to be allowed instead is
the superalgebra SL(2|1,C). Its bosonic part is isomorphic to SO(3, 1)×U(1)× SO(1, 1)R.
We have therefore the supercoset space
SL(2|1,C)
SU(2)× SO(1, 1)R , (6.9)
which covers one sheet of the hyperboloid X2 − Y 2 − V 2 −W 2 = 1. We may take
X = cosh ρ , Y = sinh ρ cos θ , V = sinh ρ sin θ cosφ , W = sinh ρ sin θ sinφ . (6.10)
biguous in the sense that a theory coupled to this background need not have (full) R-symmetry, even when
we compactify to S3 × S1.
19Of course, breaking the reality condition on the fermions one could consider the Wick rotation of the
Lorentzian background. Compactification of the flat direction would then always break half the supersym-
metries.
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These coordinates have range and periodicity ρ ∈ [0,+∞), θ ∈ [0, π] and φ ≃ φ+ 2π. The
metric is the standard
ds2 =
1
4g2
(
dρ2 + sinh2ρ (dθ2 + sin2θ dφ2)
)
+ dz2 . (6.11)
Let us comment on the properties of the Killing spinors: the supercharges Qα
1 and
Qα
2 have opposite charges under G · P , and the same holds for the antichiral ones. This
is reflected in the Killing spinors depending on z with factors e±igz (see (D.22)). If we
take the universal cover R for the z direction, these Killing spinors are globally defined.
However, compactifying to H3 × S1 we find periodic Killing spinors only for z ≃ z + 2pikg ,
k ∈ Z.
6.6 H2 × S2 and D(2, 1;α)
The appropriate Wick rotation of AdS2×S2 gives an H2×S2 space, whereH2 is (one sheet
of) the two-sheeted hyperboloid. The discussion follows again lines similar to the Lorentzian
case. The background is determined by Z and Z¯, breaking the Lorentz symmetry to
U(1) ×U(1). One obtains the same real form of D(2, 1;α), and the supercoset space is
D(2, 1;α)
SU(2)R ×U(1)2 , (6.12)
with α ≡ λ+/λ−. The radii of curvature of H2 and S2 are 1/|λ−| and 1/|λ+| respectively.
Let us specify Zab = 2i(λ+δ12ab−λ−δ34ab ) and Z¯ab = −2i(λ+δ12ab+λ−δ34ab ). The only differences
with the AdS2 × S2 case are that now the SU(1, 1) generators read
Ta˜b˜ ≡
(
1
λ−
(iP3 − P4) −iM34
−iM34 1λ− (iP3 + P4)
)
, (6.13)
and the reality conditions now are
(Qa˜ α˜ i)
∗ = (σ1)a˜b˜ǫα˜ β˜Qb˜ β˜
i , (Ta˜b˜)
∗ = −(σ1)a˜c˜(σ1)b˜d˜Tc˜d˜ , (Tα˜β˜)∗ = ǫα˜ γ˜ǫβ˜ δ˜Tγ˜δ˜ . (6.14)
The analysis of the superalgebra isomorphisms for special values of α is identical to
AdS2×S2 up to an obvious difference for α =∞, which now corresponds to SU(2|2)⋊ISO(2)
associated with an R2 × S2 geometry. Choosing polar coordinates ω, ρ on H2, we obtain
the metric
ds2 =
1
λ2−
(dρ2 + sinh2ρdω2) +
1
λ2+
(dθ2 + sin2θ dφ2). (6.15)
6.7 Deformed supersymmetry in flat space
The facts that in Euclidean signature the reality conditions on spinors do not mix chiralities
and the self- and anti self-dual parts of a field strength are independent imply the possibility
of deforming only the chiral or the anti-chiral part of the supersymmetry algebra. In our
notation, this corresponds to turning on Sij and Z only. As the Riemann tensor vanishes,
these backgrounds correspond to flat Euclidean space with a deformed supersymmetry
algebra.
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Closure of the supersymmetry algebra imposes the constraint SijZ− = 0, so that there
are essentially two possibilities: either we turn on a generic Z, or we turn on a self-dual Z
and Sij . Because this constraint does not arise as an integrability condition for the Killing
spinor equations (5.6), we can give a common solution:
ξα
i = ǫα
i, ξ¯α˙i = ǫ¯
α˙
i − i
2
xa(Sijδab − ǫijZab)σ¯b α˙αǫαj (SijZ−ab = 0). (6.16)
The self-dual part of Z is proportional to the T+ tensor of the Weyl multiplet. We iden-
tify the background obtained by Z+ 6= 0 alone as the ǫ1 = −ǫ2 limit of the Ω-background
in flat space (see e.g. [11, 64]). A generic Ω-deformation on flat space breaks half of the
supersymmetry, so it cannot arise in our analysis.
7 Rigid Euclidean supersymmetric actions
7.1 Vector multiplets
The structure of N = 2 Euclidean vector multiplets has been discussed elsewhere in a
number of places (see e.g. [10, 11, 64–67]). Of particular relevance is the work of Cortes
et al. which constructs vector multiplets in Euclidean signature via a timelike reduction
from 5D [62]. Because their construction naturally leads to a real Euclidean superalgebra,
the approach we sketch below will naturally match theirs up to conventions.
It is simplest to motivate the reality conditions of the vector multiplet from superspace.
If we straightforwardly analytically continue all of the FABI field strengths, requiring that
the new ones be real in Euclidean signature, we discover that X I and X¯ I are imaginary
superfields. It will be convenient to make the formal replacements
X I = iX I+ , X¯ I = −iX I− , (7.1)
where X I+ and X I− are real chiral and antichiral superfields obeying the Bianchi identity
(Dij + 4Sij)X I+ = −(D¯ij + 4S¯ij)X I− . (7.2)
We define now the covariant components of X±I as
λα
i = −iDαiX I+| , λ¯α˙i = −iD¯α˙iX I−| , Y ijI := −
i
2
(Dij + 4Sij)X I+| (7.3)
so that they formally do not change upon continuation to Euclidean signature. The
fermions are now symplectic Majorana-Weyl but the auxiliary field is still pseudoreal,
(λα
i)∗ = λαi , (λ¯α˙i)∗ = λα˙i , (Y ijI)∗ = YijI . (7.4)
The component two-form field strength is
Fab
I =
i
4
(σab)
βαDβαX I+| −
i
4
(σ¯ab)
β˙α˙D¯β˙α˙X I−| − iZabX I+|+ iZ¯abX I−| . (7.5)
We follow the notation X I± of [62], which denotes the chirality of the associated gaugino.
Note that X I+ contains the anti self-dual field strength F−abI .
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The supersymmetry transformations are easy to find: one simply makes the replace-
ments X → iX+ and X¯ → −iX− everywhere, leading to
δXI+ = iξ
α
i λ
i
α
I , δXI− = iξ¯
i
α˙λ¯
α˙
i
I , (7.6a)
δλαi
I = (Fab
I + iZabXI+ − iZ¯abXI−)(σabξi)α + (YijI + 2iSijXI+)ξαj
+ 2DaXI+ (σaξ¯i)α − 4Ga ijXI+ (σaξ¯j)α − 2g X Jˆ−J+Jˆ I ξαi , (7.6b)
δλ¯α˙iI = (Fab
I + iZabXI+ − iZ¯abX¯I−)(σ¯abξ¯i)α˙ − (Y ijI − 2iS¯ijX¯I−)ξ¯α˙j
+ 2DaX¯I− (σ¯aξi)α˙ + 4GaijX¯I− (σ¯aξj)α˙ − 2g X Jˆ+J¯−Jˆ I ξ¯α˙i , (7.6c)
δYij
I = 2i ξ(i /Dλ¯j)I − 4iGak(i ξj)σaλ¯kI − 2Ga ξ(iσaλ¯j)I
− 2i ξ¯(i /Dλj)I + 4iGak(i ξ¯j)σ¯aλkI − 2Ga ξ¯(iσ¯aλj)I
+ 4ig ξ(iλj)
J J¯−J I − 4ig ξ¯(iλ¯j)J J+J I , (7.6d)
δAm
I = i(ξjσmλ¯
jI) + i(ξ¯j σ¯mλj
I) . (7.6e)
We normalize the vector multiplet action in superspace as
−
∫
d4xd4θ E F (X+) +
∫
d4xd4θ¯ E¯ F¯ (X−) (7.7)
where F = F (X+) and F¯ = F¯ (X−) are both real functions, i.e. F (X+)∗ = F (X+). These
can derived from the Lorentzian case by formally replacing F → −iF and F¯ → −iF¯ and
simultaneously replacing their arguments by (7.1). This amounts to
XI → iXI+ , X¯I → −iXI− , F → −iF , F¯ → −iF¯ ,
FI → −FI , F¯I → F¯I , FIJ → iFIJ , F¯IJ → iF¯IJ . (7.8)
Now the special Ka¨hler potential and metric are given by K = XI−FI −XI+F¯I and gIJ =
FIJ − F¯IJ . The target space geometry is actually a special para-Ka¨hler manifold given in
terms of adapted coordinates. Our conventions here differ somewhat from [62].
Consistent with the modifications (7.1), we should take
JI
J → iJ+I J , J¯I J → −iJ−IJ , DI → iD(E)I , CIˆ ,JˆKˆ → iCIˆ ,JˆKˆ (7.9)
where the real Euclidean moment map D
(E)
I is given by
D
(E)
Iˆ
= fIˆJˆ
K(X Jˆ F¯K + X¯
JˆFK)− CIˆ ,JˆKˆX Jˆ X¯Kˆ . (7.10)
The symplectic vectors are not just the straightforward Wick rotations of the Lorentzian
case. An additional factor of i is needed for the dual field strengths to account for exchang-
ing the Lorentzian ǫabcd for the Euclidean εabcd. Our choice of conventions above account
for this so that the symplectic vectors take the same form, (XI+, FI) and (X
I−, F¯I). Du-
ality transformations are still described by ISp(2n,R) but now the inhomogeneous terms
are real numbers RI± and R
±
I . This reflects the presence of two real background vector
multiplets X
(i)
± that can be introduced in each case, corresponding to the two real central
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charges possible in the Euclidean supersymmetry algebra. A conventional choice for the
background vector multiplets is
X
(1)
+ = X
(1)
− = 1 , X
(2)
+ = −X(2)− = 1 , (7.11)
but sometimes a different choice is necessary. As before, the presence of various background
fields affects the geometry and the possibilities for the frozen multiplets. If Ga
ij is present
so that an SO(1, 1)R symmetry is maintained, the frozen multiplets must be absent and the
action must be superconformal, with the prepotentials both homogeneous of degree two.
If Sij and/or S¯ij is present, the background multiplets must obey SijX
(i)
+ = −S¯ijX(i)− so
only one choice of background vector multiplets is possible. Generally if both Sij and S¯ij
are non-vanishing, we can choose either Sij = S¯ij or Sij = −S¯ij via an SO(1, 1)R gauge
choice; this allows either X
(2)
± or X
(1)
± given above but not both. In the degenerate case
Sij 6= 0 but S¯ij = 0, we must have X(1)+ = X(2)+ = 0, and only one of X(1)− or X(2)− is needed.
This situation has no analogue in the Lorentzian theory.
We will not explicitly give the Euclidean action, but it is straightforward to write down
by applying the necessary changes to the Lorentzian action.
7.2 Hypermultiplets
Unlike the vector multiplets, hypermultiplets in Euclidean signature can be defined with-
out any alteration of the target space. This can be understood in the framework of [62] by
dimensionally reducing the 5D hypermultiplet action along a timelike circle. The reality
properties of the hyperka¨hler metric and its associated vielbeins fµi
a are unchanged. Re-
quiring the same supersymmetry conditions for δφµ as in the first line of (4.45) leads to
the following reality conditions for the fermions:
(ζα
b)∗ = ωb¯cζαc = gb¯bωbcζαc , (ζ¯ α˙b¯)∗ = gbb¯ωb¯c¯ζ¯α˙
c¯ = ωbcgcc¯ζ¯α˙
c¯ . (7.12)
It would be reasonable to denote the antichiral spinor as ζ¯ α˙b by contracting with a factor
involving the Sp(n) metric and symplectic two-form but we will avoid doing so to keep our
formulae as similar to the Lorentzian case as possible.
Now it is quite easy to convert the Lorentzian SUSY rules and action to Euclidean
signature. The only issue to keep in mind is that we must now take
Sij = iµvij , S¯ij = iµ˜vij , (7.13)
with µ and µ˜ in principle different. This means we must analytically continue µ→ iµ and
µ¯→ iµ˜ from the Lorentzian formulae. The SUSY transformations become
δφµ = ξiζ
b fb
iµ + ξ¯iζ¯ b¯ fb¯i
µ ,
δζaα =
(
2iDαβ˙φµ − 4Gαβ˙χµ
)
fµi
a ξ¯β˙i +
(
2iµV µ − 4igX Iˆ−JIˆ µ
)
fµi
aǫijξαj
+ 2Yα
βχµfµi
aǫijξβj − Γµbaδφµ ζbα ,
δζ¯ α˙a¯ =
(
2iDα˙βφµ + 4Gα˙βχµ
)
fµ
ia¯ξβi −
(
2iµ˜V µ + 4igX Iˆ+JIˆ
µ
)
fµ
ia¯ǫij ξ¯
α˙j
− 2 Y¯ α˙β˙χµfµia¯ǫij ξ¯β˙j − Γµb¯a¯δφµ ζ¯ α˙b¯ . (7.14)
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We do not explicitly give the action in Euclidean signature, but it is easy to work out by
making the appropriate replacements in the Lorentzian action.
8 Discussion and conclusions
In this paper we classified the rigid backgrounds and actions that admit full (real) N = 2
supersymmetry in Lorentzian and Euclidean signatures. The principle guiding this classifi-
cation has been the identification of the supercoset spaces which arise in curved superspace
when the requirement of full supersymmetry is imposed. It is worth noting that similar re-
sults as those in Section 2 were found for full N = 1 Lorentzian supersymmetry in 5D [16].
Our analysis regards the supercoset spaces as global manifolds. Quotents by discrete isome-
tries are allowed if they preserve the supercharges. For example, in an appropriate Lorentz
gauge it is straightforward to see that the SU(2|2) realizations of S3×R admit quotienting
by discrete right isometries. This includes in particular lens spaces S3/Zp, where the quo-
tient acts freely on the Hopf fiber, and warping is also allowed. We leave to future work a
full analysis of all discrete quotients for general backgrounds.
One interesting issue that we have not addressed is the dynamical origin of the rigid su-
persymmetric backgrounds. In particular, which of them solve Einstein’s equations of some
4D supergravity? Since any such theory is on-shell equivalent to conformal supergravity
coupled to two compensators – a vector multiplet and hypermultiplet – one can look for
simultaneous solutions of the BPS conditions (4.36) and (4.51). The equation of motion
of the Weyl multiplet auxiliary D relates the hyperka¨hler potential and the special Ka¨hler
potential to the Planck scale; because both potentials require non-vanishing VEVs for the
vector and hyperka¨hler scalars, one must choose Ga = Y
±
ab = Ga
ij = 0 in either signature.
This reproduces the well known fact [68] that the only fully supersymmetric dynamical
vacua arising in 4D Lorentzian supergravity are AdS4 with S
ij 6= 0 and AdS2 × S2 (or
its Penrose limit) with W±ab =
1
4T
±
ab 6= 0. Analogous statements hold for (real) Euclidean
supergravity where we find only S4, H4, or H2×S2. However, this does not mean the other
backgrounds are unphysical: they might arise from a higher derivative theory similarly to
what happens in three dimensions [17], or they could arise via dimensional reduction from
higher dimensions. For example, the general class of AdS2 × S2 with unequal radii can
arise from a higher dimensional supergravity theory with an AdS2×S2×S2 factor (see e.g.
[69, 70]).20 The latter possesses the supersymmetry algebra D(2, 1;α); upon reduction,
the isometry group of the internal S2 becomes the 4D R-symmetry group. It would be
interesting to understand better possible uplifts of the other cases to higher dimensions.
Another interesting feature of many of the backgrounds is the presence of a single
timelike or spacelike R or S1 factor. When the Killing spinors are independent of this
dimension, such as with the squashed S3, one recovers N = 4 Killing spinors after a
timelike or spacelike dimensional reduction to three dimensions.
We should emphasize again that we have restricted the Euclidean backgrounds to those
admitting real supercharges. This excluded such cases as S2×S2 recently discussed in [65–
67] and reflects the well-known fact that the D(2, 1;α) superalgebra possesses no real form
20We thank Dmitri Sorokin for this observation and for bringing these references to our attention.
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with bosonic part SU(2)×SU(2)×SU(2) [71, 72].21 Nevertheless, one may still exploit our
results to investigate such cases by relaxing the requirement of real supercharges.
For instance, one might allow a superisometry algebra where supercharges and bosonic
isometries appear with complex coefficients. A nice example is offered by S2 × S2; this
arises by analytically continuing λ− → iλ− and ρ → iρ in the H2 × S2 supercoset space,
leading to a complex form of D(2, 1;α) possessing imaginary α. One finds eight complex
Killing spinors corresponding to the analytic continuation of (D.27). These correspond to
the (untwisted) Killing spinors discussed in [65, 66]. The actions we have found in Section 7
hold with all of the matter fields now understood as complex quantities.
An interesting intermediate case between pure reality and pure complexity in Euclidean
signature would be to demand that some bosonic fields, such as the vector multiplet con-
nection Aµ
I , remain real under repeated application of supersymmetry. This would impose
only that the bosonic isometries generated in the superalgebra possess real coefficients. In
the interesting case of S2 × S2, one can show that this is impossible. In particular, there
is no non-trivial subalgebra where the supercharges generate real non-vanishing bosonic
isometries. In other words, any choice of supercharges either generates bosonic isometries
with complex coefficients, or the supercharges are purely nilpotent.22
Finally, in both Lorentzian and Euclidean cases, we have found a modified set of full
supersymmetry conditions for the vector and hypermultiplets. It would be interesting to
understand what role these may play in the analysis of quantum field theories on these
curved manifolds, especially in light of the results of [64] on ellipsoids.
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A Conventions
A.1 Lorentzian signature
We employ conventions similar to [73] and [19], with minor modifications. Undotted Greek
indices α, β, · · · denote left-handed spinors and dotted Greek indices α˙, β˙, · · · denote right-
handed spinors. These are raised and lowered using ǫαβ and ǫα˙β˙, obeying ǫ
12 = ǫ2˙1˙ = 1.
We denote SU(2)R indices by i, j, k, · · · with i = 1, 2 and raise and lower them with ǫij and
ǫij as with spinor indices.
21Note that one can obtain four real supercharges on S2 × S2 via an equivariant twist [65, 67].
22Alternatively, one might consider S2 × S2 with split signature, ηab = ( − 1,−1,+1,+1). Now the
supergravity R-symmetry group becomes SL(2) × SO(1, 1). The superalgebra on S2 × S2 becomes a real
form of D(2, 1;α) with bosonic group SU(2)× SU(2)× SL(2).
– 49 –
The sigma matrices (σa)αα˙ are defined as
σ0 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
, (A.1)
and the antisymmetric symbol ǫabcd is normalized as ǫ0123 = +1 and ǫ
0123 = −1. The
conjugate sigma matrix (σ¯a)α˙α is given by
(σ¯a)α˙α = ǫα˙β˙ǫαβ(σa)ββ˙ , σ¯
0 = σ0, σ¯1,2,3 = −σ1,2,3. (A.2)
The product of σa with σ¯b is
σaσ¯b = −ηab + 2σab , σ¯aσb = −ηab + 2σ¯ab . (A.3)
The tensors (σab)α
β and (σ¯ab)α˙β˙ are anti-selfdual and selfdual, respectively,
1
2
ǫabcd σ
cd = −iσab, 1
2
ǫabcd σ¯
cd = +iσ¯ab . (A.4)
The product of three sigma matrices is
σaσ¯bσc = −ηabσc + ηcaσb − ηbcσa + iǫabcdσd ,
σ¯aσbσ¯c = −ηabσ¯c + ηcaσ¯b − ηbcσ¯a − iǫabcdσ¯d . (A.5)
We will also use the four-component gamma matrices and charge conjugation matrix:
γa =
(
0 i(σa)αβ˙
i(σ¯a)α˙β 0
)
, (γa)† = γa , {γa, γb} = 2 ηab , C =
(
ǫαβ 0
0 ǫα˙β˙
)
. (A.6)
Associated with any vector V a is the bispinor Vαβ˙ = V
a(σa)αβ˙ . Given a tensor Fab,
we define the dual F˜ab and selfdual (antiselfdual) components F
±
ab by
Fab = F
−
ab + F
+
ab , F˜ab =
1
2
ǫabcdF
cd = −iF−ab + iF+ab , F±ab =
1
2
(Fab ∓ iF˜ab) . (A.7)
The selfdual (anti-selfdual) components are related to symmetric bispinors Fα˙β˙ (Fαβ) by
F−ab = −(σab)αβFαβ = (σab)αβFβα , F+ab = −(σ¯ab)α˙β˙Fα˙β˙ = (σ¯ab)α˙β˙F β˙ α˙ . (A.8)
Complex conjugation exchanges dotted for undotted spinors but does not change their
positions. That is, (ψα)
∗ = ψ¯α˙, (ψα)∗ = ψ¯α˙ and
(
(σa)αβ˙
)∗
= (σa)βα˙. As usual, complex
conjugation transposes Grassmann quantities, so that (ψαρβ)
∗ = ρ¯β˙ ψ¯α˙ = −ψ¯α˙ ρ¯β˙. If ψ
and ρ are operators with a non-trivial anticommutator, one must interpret this statement
as (ψαρβ)
∗ = −ψ¯α˙ρ¯β˙ . If Va is a real vector, then (Vαβ˙)∗ = Vβα˙, and if Fab is a real tensor,
then (Fαβ)
∗ = −Fα˙β˙ . Killing spinors ξαi and ξ¯α˙i obey
(ξαi)
∗ = ξ¯α˙i , (ξ¯α˙i)∗ = ξαi . (A.9)
Because (ǫij)∗ = −ǫij one has (ξαi)∗ = −ξ¯α˙i and (ξ¯α˙i)∗ = −ξαi. For the covariant deriva-
tives of superspace, one finds
(Dαβ˙)∗ = Dβα˙ , (Dαi)∗ = D¯α˙i , (D¯α˙i)∗ = Dαi . (A.10)
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A.2 Euclidean signature
Our Euclidean conventions amount to taking V 4 = iV 0 for all vector and tensor-valued
objects. In particular,
(σ4)αβ˙ = i(σ
0)αβ˙ =
(
i 0
0 i
)
, (σ¯4)α˙β = i(σ¯0)α˙β =
(
i 0
0 i
)
. (A.11)
We keep all the other σ matrices and ǫαβ unchanged. The Euclidean metric is ηab = δab. We
trade the antisymmetric symbol ǫ0123 = +1 for the Euclidean ε1234 = +1, which amounts
to exchanging ǫabcd for iεabcd. Now one finds
σaσ¯b = −δab + 2σab , σ¯aσb = −δab + 2σ¯ab ,
1
2
εabcd σ
cd = −σab, 1
2
εabcd σ¯
cd = +σ¯ab ,
σaσ¯bσc = −ηabσc + ηcaσb − ηbcσa − εabcdσd ,
σ¯aσbσ¯c = −ηabσ¯c + ηcaσ¯b − ηbcσ¯a + εabcdσ¯d . (A.12)
The four-component γa and charge conjugation matrix are
γa =
(
0 i(σa)αβ˙
i(σ¯a)α˙β 0
)
, (γa)† = γa , {γa, γb} = 2 δab , C =
(
ǫαβ 0
0 ǫα˙β˙
)
. (A.13)
The self-dual and anti-self-dual components of Fab are
Fab = F
−
ab + F
+
ab , F˜ab =
1
2
εabcdF
cd = −F−ab + F+ab , F±ab =
1
2
(Fab ± F˜ab) . (A.14)
Under complex conjugation undotted indices remain undotted but are raised or lowered,
((σa)αβ˙)
∗ = −(σ¯a)β˙α , ((σab)αβ)∗ = −(σab)βα , ((σab)αβ)∗ = (σab)αβ , (A.15)
so if Va and Fab are real, then
(Vαβ˙)
∗ = −V β˙α , (Fαβ)∗ = Fαβ . (A.16)
The Killing spinors are chosen to be symplectic Majorana-Weyl,
(ξα
i)∗ = ξαi , (ξ¯α˙i)∗ = ξ¯α˙i . (A.17)
Keeping in mind that (ǫαβ)∗ = −ǫαβ, one can see that (ξαi)∗ = −ξαi, so the positions of
the indices must be observed. These conditions imply that
(Dαi)∗ = −Dαi , (D¯α˙i)∗ = −D¯α˙i . (A.18)
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B General action principle in rigid superspace
For the rigid superspace geometry discussed in this paper, there are a few general formulae
that will be relevant for relating superspace actions to component ones. We emphasize
that these expressions are valid only for the rigid supergeometries discussed. In particular,
they assume the covariant constancy of the various superfields Sij , Yαβ , Wαβ , etc.
First, let us relate a chiral superspace action to a component one. We take
S =
∫
d4xd4θ E Lc (B.1)
where Lc is a covariantly chiral superfield, D¯α˙i Lc = 0, and E is the appropriate super-
space measure constructed from the superdeterminant (Berezinian) of the chiral part of
the superspace vielbein. The component Lagrangian constructed from (B.1) is
L = 1
96
DijDijLc − 1
96
DαβDαβLc + 2
3
SijDijLc − 1
3
Y αβDαβLc
+
(
3SijSij − Y αβYαβ + W¯α˙β˙W¯ α˙β˙
)
Lc (B.2)
where we have defined Dij := Dγ(iDj)γ and Dαβ := Dk(αDβ)k and the projection to θ = 0 is
assumed. This is a special case of the chiral action presented in [74].
Next is the action relating projective superspace actions to component actions. We
use the projective superspace action principle adapted to the rigid superspace geometries
discussed in this paper,
S = − 1
2π
∮
C
dτ
∫
d4xd4θ+ E−− L ++ = − 1
2π
∮
C
v+i dv
i+
∫
d4x eL−− , (B.3)
with the SL(2,C) representation of projective superspace [21, 37, 54] so that only a single
contour integral is needed (see the discussion in [55]). The component Lagrangian is
L−− = 1
16
(D−)2(D¯−)2L ++ + i
2
Gα˙α−−[D−α , D¯−α˙ ]L ++
+
3
4
S−−(D¯−)2L ++ + 3
4
S¯−−(D−)2L ++ + 9S¯−−S−−L ++
− i
4
V−−m (σ¯m)α˙α[D−α , D¯−α˙ ]L ++ − 12V−−a Ga−−L ++ . (B.4)
This expression is real under the modified complex conjugation of projective superspace.
One must still perform the contour integral to arrive at a standard Lagrangian in x-space.
For completeness, we include also the relation between full superspace and chiral su-
perspace actions, although the former generically involve higher derivative interactions and
play no role in this paper:∫
d4xd4θ d4θ¯ EL =
∫
d4xd4θ E
( 1
48
D¯ijD¯ijL + 1
12
S¯ijD¯ijL + 1
4
Y¯α˙β˙D¯α˙β˙L
)
. (B.5)
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C Details of Lorentzian backgrounds
C.1 Warped AdS3 spaces (wAdS3 × R)
We gauge fix Ga = (0, 0, 0, g) for constant g. First consider the case without warping,
where no other background fields are turned on. Then the bosonic part of the superalgebra
involves only the generators Pa = (PI , P3) with I = 0, 1, 2,
[PI , P3] = 0 , [PI , PJ ] = 4g εIJKη
KLPL , η = diag(−1, 1, 1) . (C.1)
The dimensionless generators used to construct the group manifold are just TI ≡ 14gPI . We
choose the explicit parameterization which leads to a global set of coordinates for AdS3
with τ ∈ [0, 4π):
L = eφT2eρT1eτT0ezP3 , (C.2)
Both choices of orthonormal frame specified in (3.43) can be used to construct the physical
vielbein and arrive at the metric (3.42).
In the spinor representation (3.27) we can decompose L in terms of the embedding
coordinates (D.19):
L = X + 2(Y T0 + V T1 +W T2), L
−1 = X − 2(Y T0 + V T1 +W T2) . (C.3)
In absence of warping, using eI = EI/4g as vielbein, the Killing spinors read
ξα i = [X − 2(Y σ12 +Wσ01 + V σ20)]αβǫβi, (C.4)
while if we choose eI = E′I/4g we must flip the sign of Y, W and V (i.e. we exchange L
with L−1).
Timelike stretched AdS3 × R Keeping Ga = (0, 0, 0, g), we turn on Zab = 4λδ12ab and
require |λ| < 2|g|. The appropriate choice of dimensionless generators is now
T0 ≡ υ
(
1
4g
P0 − λ
2
4g2
M12
)
, T1,2 ≡
√
υ
1
4g
P1,2, U ≡ 1
4g
P0 −M12, (C.5)
with υ =
(
1− λ24g2
)−1
≥ 1. We keep the same choice of coset representatives. The left-
invariant vielbein reads
e0 = υ
1
4g
E0, e1,2 =
√
υ
4g
E1,2, e3 = dz. (C.6)
The final metric is provided in equation (3.46).
The Killing spinors are still given by the spinorial representation (3.27) of L, which
now gives
ξαi = [X − 2Y σ12 − 2
√
υ(Wσ01 + V σ20)]α
βǫβi + i
√
υ
λ
2g
(Wσ1 − V σ2)αβ˙ ǫ¯β˙ i . (C.7)
Finally, the potentials for Z and ∗G are
C(1) =
λ
2g
e0, B(2) =
υ2
64g2
sinh ρdφdτ . (C.8)
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Spacelike squashed AdS3 × R This time we take Zab = 4λδ01ab . We define υ =(
1 + λ
2
4g2
)−1
, 0 < υ ≤ 1 and
T0,1 ≡
√
υ
4g
P0,1, T2 ≡ υ
(
1
4g
P2 − λ
2
4g2
M01
)
, U ≡ 1
4g
P2 +M01. (C.9)
The residual Lorentz generator as well as U are non-compact. It proves convenient to
choose the right-invariant forms E′ (3.43) to obtain the physical vielbein
e0,1 =
√
υ
4g
E′0,1, e2 =
υ
4g
E′2 . (C.10)
The metric takes the form (3.48).
The Killing spinors are computed as usual:
ξαi = [X + 2(Wσ
01 +
√
υY σ12 +
√
υV σ20)]α
βǫβi − i
√
υ
λ
2g
(V σ0 − Y σ1)αβ˙ ǫ¯β˙ i . (C.11)
The background potentials for Z and ∗G are now respectively
C(1) = −
λ
2g
e2, B(2) = −
υ2
64g2
sinh ρdφdτ . (C.12)
Null warped AdS3 × R We take Z to be null and fix it to Zab = 4λ(δ02ab + δ12ab ) with
λ > 0. The usual procedure yields the SU(1, 1) generators
T0 =
(
1 +
υ
2
) 1
4g
P0 − υ
8g
P1 + υ(M02 −M12), U =M12 −M02 + 1
4g
(P1 − P0) ,
T1 =
(
1− υ
2
) 1
4g
P1 +
υ
8g
P0 + υ(M02 −M12), T2 = 1
4g
P2 . (C.13)
where this time υ = λ
2
4g2 ≥ 0. Using again the one forms E′I for convenience, we construct
the physical vielbein giving rise to the metric (3.50)
e0 =
1
4g
((
1 +
υ
2
)
E′0 +
υ
2
E′1
)
, e1 =
1
4g
((
1− υ
2
)
E′1 − υ
2
E′0
)
, e2 =
1
4g
E′2. (C.14)
We also find the Killing spinors:
ξαi = [X + 2(Wσ
01 + Y σ12 + V σ20)− υ(Y + V )(σ12 − σ20)]αβǫβi
− i λ
2g
[W (σ0 + σ1)− (Y + V )σ2]αβ˙ ǫ¯β˙ i .
(C.15)
As usual we provide the potentials for Z and ∗G:
C(1) =
λ
8g2
(E′0 + E′1) , B(2) = −
1
64g2
sinh ρdφdτ. (C.16)
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If we introduce Poincare´ coordinates as in equation (3.51), the appropriate coset rep-
resentative, dimensionless vielbein and embedding coordinates read
L = e
√
2x−T−r−2T2e
√
2x+T+ , T± =
1√
2
(T1 ± T0) ,
E′0 = dx− +
2x−
r
dr − x
2− + 1
r2
dx+, E
′1 = −dx− + 2x−
r
dr +
x2− − 1
r2
dx+,
E′2 =
2dr
r
+
2x−dx+
r2
,
X =
r2 + 1 + x−x+
2r
, Y =
x+ − x−
2r
, V =
x+ + x−
2r
, W =
r2 − 1 + x−x+
2r
.
(C.17)
AdS3 × R and SU(1, 1|1)2 supersymmetry The second realization of N = 2 su-
persymmetry on a ‘round’ AdS3 × R is supported by Gaij, which we gauge-fix to Gaij =
ga(iσ3)
i
j , ga = (0, 0, 0, g). Analogously to the S
3 case we define
∆(i)a ≡ Pa + (−)ig(δ3aA+ ǫa3cdMcd) (C.18)
which gives us the non-vanishing (anti)commutators of SU(1, 1|1)2
{Qαi, Q¯β˙ j} = −2iδij∆
(i)
αβ˙
,
[∆(i)a , Qα
j ] = (−)i+1δij 2g
[
iδ3aδ
β
α + ǫa3cd(σ
cd)α
β
]
Qiβ,
[∆(i)a ,∆
(j)
b ] = (−)iδij4gǫabc3∆(i)c .
(C.19)
We will choose TI ≡ 14g∆
(2)
I and generate the flat direction using ∆
(2)
3 . We can take
coordinates and (left invariant) vielbein as in Section 3.5, so that the U(1)R connection
turns out to be A = g e3 = g dz and we arrive at the Killing spinors ξˆ
ξˆα1 = ǫα1 , ξˆα 2 = e
2igzξα 2, (C.20)
where ξα 2 is defined in (C.4). If the spatial direction generated by P3 is compact, the choice
of U(1)R connection is not necessarily pure gauge and might correspond to a Wilson line
along the circle. For the Killing spinors ξˆ2 to be well-defined the radius of the z circle must
be a multiple of nπ/g, and the U(1)R connection is non-trivial for odd n. The potential
for ∗Gij is iσ3 times the potential B(2) of (C.12).
C.2 AdS2 × S2 spacetimes and D(2, 1;α)
Let us gauge-fix Zab = −2λ−δ03ab + 2iλ+δ12ab , with λ± real. We define coset representatives
using dimensionless coordinates τ, ρ on AdS2 and φ, θ on S
2
L ≡ eτ
1
λ−
P0
e
ρ 1
λ−
P3
eφM12e
θ 1
λ+
P2
e−φM12 , (C.21)
from which we obtain a vielbein associated with the metric (3.54)
e0 =
1
λ−
cosh ρdτ, e1 = − 1
λ+
(sinφdθ + cosφ sin θ dφ)
e3 =
1
λ−
dρ, e2 =
1
λ+
(cos φdθ − sinφ sin θ dφ). (C.22)
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The choice of Lorentz gauge in L is convenient to guarantee that it is well-behaved at the
north pole of S2.
L(τ, ρ, φ, θ)→ L(south)(τ, ρ, φ, θ) ≡ L(τ, ρ, φ, θ − π)epi
1
λ+
P2
= L(τ, ρ, φ, θ)e2φM12 . (C.23)
As evidenced by the last equality, this is not a change of coordinates, but rather just a
change in local Lorentz gauge.23 The associated vielbein along the S2 is
e1(south) =
1
λ+
(sin φdθ−cosφ sin θ dφ), e2(south) =
1
λ+
(cosφdθ+sinφ sin θ dφ) . (C.24)
In the northern gauge we can write Killing spinors in terms of the matrices
A = cosh
ρ
2
(
cos
θ
2
cos
τ
2
+ 2 sin
θ
2
sin
τ
2
(sinφσ01 − cosφσ02)
)
+ 2i sinh
ρ
2
(
cos
θ
2
sin
τ
2
σ12 − sin θ
2
cos
τ
2
(cos φσ01 + sinφσ02)
)
,
B = − i sinh ρ
2
(
cos
θ
2
cos
τ
2
+ sin
θ
2
sin
τ
2
(sinφσ1 − cosφσ2)
)
+ cosh
ρ
2
(
i cos
θ
2
sin
τ
2
σ3 + sin
θ
2
cos
τ
2
(cosφσ1 + sinφσ2)
)
, (C.25)
so that the Killing spinors of AdS2 × S2 are simply
ξα i = Aα
βǫβ i +Bαβ˙ ǫ¯
β˙
i . (C.26)
Notice that these Killing spinors differ from [27], because our choice of Lorentz gauge
makes them periodic in φ and well-behaved at the north pole of S2. For each Killing spinor
we can compute another expression that differs by a local Lorentz gauge transformation
and is single-valued at the south pole. This is the transformation described in (D.2) and
on the spinors it corresponds to the substitution
ξ(i)αˆ(τ, ρ, φ, θ) −→ ξ(south)(i)αˆ ≡ (iγ1)αˆβˆξ(i)βˆ(τ, ρ, φ, θ − π). (C.27)
For the spacetimes R1,1 × S2 and AdS2 × R2, the isometry generators associated with
the flat directions become trivially represented in the spinorial representation and the
Killing spinors are obtained setting to zero the corresponding coordinates (τ, ρ and φ, θ
respectively) in the expression for AdS2 × S2.
The background complex two-form Z has potential
C(1) =
1
λ−
sinh ρdτ − i
λ+
(cos θ ± 1) dφ , (C.28)
the plus/minus sign corresponding to the northern and southern patches of S2.
23The isotropy group of the south pole is the same of the north pole and the transformation exp pi
λ+
P2
induces the appropriate automorphism that gives rise to a single-valued gauge at the south pole. This way
to induce the change of gauge easily generalizes to higher dimensional spheres.
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C.3 Lorentzian S3 × R
We take Ga = (0, 0, 0, g) and Zab = 4λδ12ab , imposing now λ2 > 4g2. We introduce generators
T0, T1, T2, satisfying the SU(2) algebra, defining υ = (
λ2
4g2
− 1)−1 > 0 and
T0 ≡ υ
(
− 1
4g
P0 +
λ2
4g2
M12
)
, T1,2 ≡
√
υ
1
4g
P1,2, U ≡ 1
4g
P0 −M23, (C.29)
with U commuting with everything. We can choose the same group representative L as for
the standard S3, trade T3 there for T0 here and write in the spinorial representation
L = eφT0eθT2eωT0 = X + 2(Y T0 + V T1 +WT2), (C.30)
where we have also introduced the embedding coordinates (3.16). We can also recycle the
left-invariant dimensionless vielbein in (3.14) and identify the physical vielbein
e0 =
υ
4g
E3, e1,2 =
√
υ
4g
E1,2, e3 = dz. (C.31)
The metric is given in equation (3.62).
The Killing spinors are
ξα i = [XI2 − 2(Wσ12 +
√
υV σ20 +
√
υY σ01)]α
βǫβ i + i
√
υ
λ
2g
(Y σ1 − V σ2)αβ˙ ǫ¯β˙ i . (C.32)
The background potentials are C(1) = − λ2ge0 and B(2) given in (3.30).
C.4 Lightlike S3 × R
We choose Ga = 1√
2
(g, 0, 0, g) and Zab = 4λδ12ab . The absolute value of g has no physical
relevance as it can be rescaled by a Lorentz boost. The appropriate choice of dimensionless
generators turns out to be
T1,2 ≡ 1
2λ
P1,2, T3 ≡M12 − g
λ2
P+, U ≡ 1
4g
P− +M12 , (C.33)
with P± = 1√2(P3±P0). Together with P+, these generators form SU(2)×U(1)U×U(1)P+ .
We can choose the usual coordinates and expressions (3.14) for the SU(2) manifold, gen-
erating the fourth direction by exp(u 14gP−). We then read off the physical vielbein giving
rise to the metric (3.63)
e− =
1
4g
du, e+ =
g
λ2
E3, e1,2 =
1
2λ
E1,2. (C.34)
Killing spinors are computed in terms of the embedding coordinates (3.16):
ξα i =
[
XI2 − 2
(
Wσ12 +
√
2 gλ (V + iY )(σ
20 − iσ01))]
α
βǫβ i + i(Y σ
1 − V σ2)αβ˙ ǫ¯β˙ i . (C.35)
The background forms are analogous to the other spheres:
C(1) = −
λ
2g
e+, B(2) =
1
16λ2
(cos θ ± 1) dφdu. (C.36)
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C.5 ‘Overstretched’ AdS3
There is a threshold case between timelike stretched AdS3 ×R and the Lorentzian sphere.
We take Ga = (0, 0, 0, g) and Z = 4λδ12ab , and choose the specific value λ = 2g. The
commutation relations read
[P0, P1] = 4gP2,
[P0, P2] = −4gP1,
[P1, P2] = −4gP0 + 4gM12 ≡ −4gH,
[M12, P1] = P2,
[M12, P2] = −P1.
(C.37)
The isometry generators P1 and P2 close on a central charge, and we obtain the algebra of
Heis3 ⋊U(1)M ×U(1)P3 or, alternatively, ISO(2)(H) ×U(1)P3 , H being a central extension
of ISO(2). We are left with a group manifold Heis3 × U(1)P3 , of which we parameterize a
generic element as L = etHexP1+yP2ezP3 and easily arrive at the vielbein
e0 = dt+ 2g(xdy − ydx), e1 = dx, e2 = dy, e3 = dz (C.38)
and the metric (3.64). The Killing spinors are:
ξα i = [I2 − 4gxσ20 − 4gyσ01]αβǫβ i − 2ig(xσ2 − yσ1)αβ˙ ǫ¯β˙ i . (C.39)
The background potentials are C(1) = 2g(xdy − ydx) and B(2) = 14C(1) ∧ dt.
C.6 Plane waves
We have Ga = 1√
2
(g, 0, 0, g) = gδa+ and Zab = 2
√
2λ+δ
−1
ab −2
√
2iλ−δ−2ab as in the main text.
The generic isometry algebra is RP− ⋉Heis5. The generator P− is an elliptic generator of
the superalgebra, despite the fact that it corresponds to a null direction in spacetime. Its
orbit on Heis5 is not necessarily closed, depending on the values of λ±. We pick the coset
representative
L ≡ evP+euP−exP1+yP2e4gyM+1−4gxM+2 . (C.40)
This choice allows us to take advantage of the solvability of the Heisenberg algebra to
compute the Cartan–Maurer form explicitly: we obtain the vielbein giving rise to the
metric (3.67)
e+ = dv + 2g(y dx− xdy)− (λ2−x2 + λ2+y2)du , e− = du, e1 = dx, e2 = dy. (C.41)
Note that we can also switch to Brinkmann coordinates as shown in equation (3.69).
Expressions for the Killing spinors can be derived as usual computing R[L] from (3.27).
We write them as
ξα i = Aα
βǫβ i +Bαβ˙ ǫ¯
β˙
i , (C.42)
A =
 cos k+u− 2igk+ sin k+u 0
−λ++λ−√
2k+
(λ+x+ iλ−y) sin k+u cos k−u+ 2igk− sin k−u
 , (C.43)
B =
 0 −iλ++λ−√2k+ sin k+u
iλ−−λ+√
2k−
sin k−u (λ−y − iλ+x)
(
cos k+u+
2ig
k+
sin k+u
)
 . (C.44)
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We have also defined k± =
(
4g2 + (λ+ ± λ−)2/2
)1/2
.
The background potentials for Z and ∗G are C(1) = (λ+e2 + iλ−e1)/2
√
2g and B(2) =
1
4e
− ∧ e+.
The above geometry for λ+ = λ− = 0 admits a second realization of supersymmetry
obtained by trading Ga for Ga
i
j. Using the same light-cone coordinates as above, we can
choose Ga
i
j = gδ
−
a i(σ3)
i
j, and introduce the two commuting sets of isometry generators
∆
(i)
a :
∆(i)a ≡ Pa + (−)ig(δ−a A− ǫ+acdMcd) . (C.45)
The superalgebra is easily computed and corresponds to two copies of the contraction of
SU(2|1), containing U(1)P− ⋉ Heis3 as bosonic subalgebra. The central charges ∆(i)+ of
Heis23 extend to central charges of the full superalgebra. Following the analogy with the
previous cases based on Ga
i
j , it is not surprising that generating the coset space using
Ta ≡ 14g∆
(2)
a we induce a choice of spin and U(1)R connections such that half of the Killing
spinors are entirely constant. The other half is ξˆα 2 = e
2iguξα 2, with ξα 2 defined in (C.42)
for Z = λ± = 0.
D Details of Euclidean backgrounds
D.1 S4 and H4
We can set Sij = iµδij and S¯ij = iµ¯δij for real µ, µ¯. Whenever they are both non-vanishing
we can use the SO(1,1) R-symmetry to set |µ| = |µ¯|.
For µ = µ¯ the geometry is S4. The standard sphere line element can be obtained by
the coset representative
L ≡ eωM12eφM23eρM34eθ 1µP4e−ρM34e−φM23e−ωM12 , (D.1)
where the specific choice of local Lorentz gauge renders L well-behaved at the north pole.
In order to define single-valued objects at the south pole we perform a change of Lorentz
gauge analogous to that discussed around (C.23):
L(ω, φ, ρ, θ) −→ L(south) ≡ L(ω, φ, ρ, θ − π)epiµP4 . (D.2)
In practice the effect is to flip the sign of ρ in the rightmost exponential of (D.1). In the
northern gauge (D.1) can be rewritten as L = exp
(
θ
µ x˜
aPa
)
with
x˜1 = − sin ρ sinφ sinω, x˜2 = sin ρ sinφ cosω, x˜3 = − sin ρ cosφ, x˜4 = cos ρ . (D.3)
The vielbein then can be written in the compact form
ea =
1
µ
(x˜adθ + sin θ dx˜a), northern patch
ea6=4 = − 1
µ
(x˜adθ − sin θ dx˜a), e4 = 1
µ
(x˜4dθ − sin θ dx˜4), southern patch. (D.4)
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The metric is given by the standard line element
ds2 =
1
µ2
[
dθ2 + sin2θ
(
dρ2 + sin2ρ (dφ2 + sin2φdω2)
)]
. (D.5)
In this case we use four-component Killing spinors ξ(i) αˆ = (ξα i, ξ¯
α˙ i) and a similar
form for a constant spinor ǫ(i) αˆ. We then compute
ξ(i)αˆ =
(
cos
θ
2
+ sin
θ
2
x˜aγaγ5
)
αˆ
βˆǫ(i)βˆ . (D.6)
These spinors are periodic in φ and well-behaved at the north pole.24 The above change
of Lorentz gauge for the southern patch corresponds to the substitution
ξ(i)αˆ(ω, φ, ρ, θ) −→ ξ(south)(i)αˆ ≡ −(γ4γ5)αˆβˆξ(i)βˆ(ω, φ, ρ, θ − π) . (D.7)
Setting now µ¯ = −µ we find the surface −X2 + Y 2 + Z2 + V 2 + W 2 = −1. We
content ourselves with the description of one connected component. We can use the same
expression for the coset representative as above, though now P4 is a noncompact generator
and the vielbein and metric read
ea =
1
µ
(x˜adθ + sinh θ dx˜a) ,
ds2 =
1
µ2
[
dθ2 + sinh2θ
(
dρ2 + sin2ρ (dφ2 + sin2φdω2)
)]
. (D.8)
with the same x˜a. The Killing spinors are
ξ(i)αˆ =
(
cosh
θ
2
+ sinh
θ
2
x˜aγa
)
αˆ
βˆǫ(i)βˆ . (D.9)
D.2 Squashed S3 × R and S3 × S1
Let us fix Ga = (0, 0, 0,−ig), g ∈ R and Zab = 4iλδ12ab , Z¯ab = −4iλ˜δ12ab with real λ, λ˜.
Whenever they are both non-vanishing, we are free to set |λ| = |λ˜|. Keeping independent
λ, λ˜ for the time being, we still find an S3 geometry if λλ˜ > −4g2. Defining the squashing
parameter υ =
(
1 + λλ˜
4g2
)−1
, we can use the coset representative
L = ex4P4eφT3eθT2eωT3 (D.10)
analogous to Section 3.4.1 and reuse the expressions (3.14, 3.21, 3.23) for the generators
and vielbein. In terms of the embedding coordinates (3.16), the Killing spinors are
ξα i = [XI2 − 2(Wσ12 +
√
υV σ23 +
√
υY σ31)]α
βǫβ i +
√
υ
2g
(λY σ1 − λ˜V σ2)αβ˙ ǫ¯β˙ i,
ξ¯α˙i = [XI2 − 2(Wσ¯12 +
√
υV σ¯23 +
√
υY σ¯31)]α˙β˙ ǫ¯
β˙
i +
√
υ
2g
(λY σ¯1 − λ˜V σ¯2)α˙βǫβ i . (D.11)
The potentials for Z, Z¯ and ∗G are respectively
C(1) = −i
λ
2g
e3, C¯(1) = i
λ˜
2g
e3, B(2) = i
υ2
64g2
(cos θ ± 1)dφdω . (D.12)
The two signs in B(2) are associated with the northern and southern patches.
24They coincide with those of [1] up to a coordinate transformation and those of [27] up to a local Lorentz
transformation.
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D.3 The one-sheeted H3 × R
We consider now λλ˜ < −4g2, define υ = −(1 + λλ˜4g2 )−1 > 0 and choose
T0 = −υ
(
1
4g
P3 +
λλ˜
4g2
M12
)
, T1,2 =
√
υ
1
4g
P1,2, U ≡ 1
4g
P3 −M12, (D.13)
so that the algebra is formally the same as Section 3.5. Borrowing results from there, we
arrive at the physical vielbein e1,2 =
√
υ
4g E
1,2, e3 = − υ4gE0, e4 = dx4 and the metric (6.7).
The Killing spinors are (in terms of (3.44))
ξαi = [X − 2Y σ12 − 2
√
υ(Wσ23 + V σ31)]α
βǫβi +
√
υ
λ˜
2g
(Wσ1 − V σ2)αβ˙ ǫ¯β˙ i ,
ξ¯α˙i = [X − 2Y σ¯12 − 2
√
υ(Wσ¯23 + V σ¯31)]α˙β˙ ǫ¯
β˙
i +
√
υ
λ
2g
(Wσ¯1 − V σ¯2)α˙βǫβi . (D.14)
The potentials for Z, Z¯ and ∗G are respectively
C(1) = −i
λ
2g
e3, C¯(1) = i
λ˜
2g
e3, B(2) = i
υ2
64g2
sinh ρdφdτ . (D.15)
D.4 The Heis3 × R limit
We shall now set λλ˜ = −4g2. A flat direction is generated by P4 as usual, while [P1, P2] =
1
4gP3 −M12 ≡ H identifies the central charge H of Heis3. Using L = exP1+yP2ewHezP4 we
arrive at the vielbein
e1 = dx, e2 = dy, e3 = dw + 2g(ydx− xdy), e4 = dz (D.16)
and the metric (6.8). Gauge-fixing λ = −λ˜ = 2g, the Killing spinors are
ξα i = [I2 − 4g xσ23 − 4g yσ31]αβǫβ i + 2g(xσ2 − yσ1)αβ˙ ǫ¯β˙ i ,
ξ¯α˙i = [I2 − 4g xσ¯23 − 4g yσ¯31]α˙β˙ ǫ¯βi − 2g(xσ¯2 − yσ¯1)α˙βǫβi . (D.17)
The background forms Z, Z¯ and ∗G are easily integrated to potentials
C(1) = iλ(xdy − ydx), C¯(1) = −iλ˜(xdy − ydx), B(2) = −
ig
2
(xdy − ydx)dw . (D.18)
D.5 The two-sheeted H3 × R
We turn on and gauge-fix Ga
i
j = igδ
4
a(σ3)
i
j. The structure of the superalgebra is then
most evident if we define ∆
(i)
a ≡ Pa + (−)i+1ig
(
ǫabc4M
bc+ δ4aU
)
, which together with their
complex conjugates generate SL(2,C)×GL(1,C). We choose as coset representatives
L ≡ ezP4eφM12eθM31e ρ2gP3e−θM31e−φM12 , (D.19)
which represents polar coordinates along one sheet of the hyperboloid in a convenient
gauge. We can use embedding coordinates satisfying X2 − Y 2 − V 2 −W 2 = 1:
X = cosh ρ , Y = sinh ρ cos θ , V = sinh ρ sin θ cosφ , W = sinh ρ sin θ sinφ . (D.20)
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The ranges and periodicities are ρ ∈ [0,+∞), θ ∈ [0, π] and φ ≃ φ+ 2π. The vielbein is
e1 =
1
2g
(
cosφ sin θ dρ+ sinh ρd(cosφ sin θ)
)
,
e2 =
1
2g
(
sinφ sin θ dρ+ sinh ρd(sinφ sin θ)
)
,
e3 =
1
2g
(cos θ dρ− sinh ρ sin θ dθ), e4 = dz
(D.21)
and the metric is (6.11).
The supercharges Qα,1 and Qα,2 have opposite charges under Pa, and the same holds
for the antichiral ones. Hence, we find:
ξα 1 = e
−igz 1√
1+X
[1 +X + 2(Y iσ12 + V iσ23 +Wiσ31)]α
βǫβ 1 ,
ξα 2 = e
+igz 1√
1+X
[1 +X − 2(Y iσ12 + V iσ23 +Wiσ31)]αβǫβ 2 ,
ξ¯α˙1 = e
−igz 1√
1+X
[1 +X − 2(Y iσ¯12 + V iσ¯23 +Wiσ¯31)]α˙β˙ ǫ¯β˙1 ,
ξ¯α˙2 = e
+igz 1√
1+X
[1 +X + 2(Y iσ¯12 + V iσ¯23 +Wiσ¯31)]α˙β˙ ǫ¯
β˙
2 .
(D.22)
The potential for ∗Gij is
B(2)
i
j =
1
8g2
(1− cos θ) sinh2ρdρdφ (iσ3)ij . (D.23)
D.6 H2 × S2 and D(2, 1;α)
We take Zab = 2i(λ+δ12ab −λ−δ34ab ) and Z¯ab = −2i(λ+δ12ab +λ−δ34ab ). The resulting superalge-
bra is the same as in Section 3.6 with the substitutions P0 = iP4, M03 = −iM34. Choosing
polar coordinates ω, ρ on H2, we pick the coset representative
L = eωM34e
ρ 1
λ−
P3
e−ωM34eφM12e
θ 1
λ+
P2
e−φM12 . (D.24)
To have a single-valued representative at the south pole of S2 it is sufficient to perform the
same change of gauge as in (C.23). We obtain the metric (6.15) from the vielbein
e1 =
1
λ+
(− sinφdθ − sin θ cosφdφ) , e2 = 1
λ+
(cosφdθ − sin θ sinφdφ) ,
e3 =
1
λ−
(cosω dρ− sinh ρ sinω dω) , e4 = 1
λ−
(sinω dρ+ sinh ρ cosω dω) . (D.25)
In the northern patch of S2 we can write Killing spinors in terms of the matrices
A = cos
θ
2
cosh
ρ
2
+ 2 sin
θ
2
sinh
ρ
2
(cos(ω − φ)σ23 + sin(ω − φ)σ31) ,
B = sin
θ
2
cosh
ρ
2
(cosφσ1 + sinφσ2)− cos θ
2
sinh
ρ
2
(i cos ω − sinω σ3) ,
A¯ = cos
θ
2
cosh
ρ
2
− 2 sin θ
2
sinh
ρ
2
(cos(ω + φ)σ¯23 + sin(ω + φ)σ¯31) ,
B¯ = sin
θ
2
cosh
ρ
2
(cosφσ¯1 + sinφ σ¯2) + cos
θ
2
sinh
ρ
2
(i cos ω − sinω σ¯3) ,
(D.26)
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with
ξα i = Aα
βǫβ i +Bαβ˙ ǫ¯
β˙
i, ξ¯
α˙
i = A¯
α˙
β˙ ǫ¯
β˙
i + B¯
α˙βǫβ i . (D.27)
The change of Lorentz gauge for the southern patch of S2 corresponds to the substitution
ξ(i)αˆ(ω, ρ, φ, θ) −→ ξ(south)(i)αˆ ≡ (iγ1)αˆβˆξ(i)βˆ(ω, ρ, φ, θ − π). (D.28)
The potentials for Z, Z¯ are respectively
C(1) = −
i
λ+
(cos θ ± 1)dφ− i
λ−
cosh ρdω,
C¯(1) =
i
λ+
(cos θ ± 1)dφ− i
λ−
cosh ρdω . (D.29)
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